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ABSTRACT: This paper analyses type II string theories in backgrounds which admit an
SU(3) x SU(3) structure. Such backgrounds are designed to linearly realize eight out of
the original 32 supercharges and as a consequence the low-energy effective action can be
written in terms of couplings which are closely related to the couplings of four-dimensional
N = 2 theories. This generalizes the previously studied case of SU(3) backgrounds in that
the left- and right-moving sector each have a different globally defined spinor. Given a
truncation to a finite number of modes, these backgrounds lead to a conventional four-
dimensional low-energy effective theory. The results are manifestly mirror symmetric and
give terms corresponding to the mirror dual couplings of Calabi-Yau compactifications
with magnetic fluxes. It is argued, however, that generically such backgrounds are non-
geometric and hence the supergravity analysis is not strictly valid. Remarkably, the naive
generalization of the geometrical expressions nonetheless appears to give the correct low-

energy effective theory.
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1. Introduction

String backgrounds which include non-trivial fluxes and are described by generalized ge-
ometry have been of considerable interest recently [lJ. The primary reason is that such
generalized compactifications are necessary whenever the string background contains D-
branes . Generalized geometries have also featured prominently in recent mathematical
investigations since they provide interesting extensions of certain established geometrical
concepts such as complex and symplectic geometry [J]-{[Ld].

A particular aspect of generalized geometries is that they can appear as mirror partners
of Calabi-Yau compactifications with background fluxes [[LT|-[[d] or as non-perturbative



duals of heterotic flux compactifications [[[7. More specifically, if one considers type I1IB
supergravity compactified on Calabi-Yau threefolds one can turn on non-trivial three-form
flux for both the Ramond-Ramond (RR) three-form F3 and the Neveu-Schwarz (NS) three-
form Hs. In the mirror symmetric type IIA background the RR three-form flux is mapped
to RR-flux of the even field strength F* = Fy + Fy» + Fy + Fs [I§, [[9). On the other
hand the NS three-form flux becomes part of the geometry in the mirror dual compactifi-
cation [B(, [[1]. More precisely, a Calabi-Yau compactification with electric NS three-form
flux is conjectured to be mirror symmetric to compactifications on manifolds known as
“half-flat manifolds” [B, [d, [1]." These six-dimensional manifolds are a specific subclass
of manifolds with SU(3) structure. A generic manifold with SU(3) structure admits a
nowhere vanishing, globally defined spinor n which, however, is not necessarily covariantly
constant with respect to the Levi-Civita connection. In this sense manifolds with SU(3)
structure generalize the notion of Calabi-Yau manifolds.?

The mirror of Calabi-Yau compactifications with magnetic three-form fluxes turns
out to be more involved. The types of gaugings arising in such compactifications were
discussed in [RZ. In refs. [Bd-PJ] it has been suggested that the corresponding mirror
backgrounds do not correspond to conventional geometric compactifications. Such non-
geometrical backgrounds have been studied from different points of view in refs. 23—
). In ref. [i5] we conjectured that the mirror of the magnetic fluxes is found among
compactifications on manifolds with SU(3) x SU(3) structure [§, [f6, {7]. Such manifolds are
generalizations of manifolds with SU(3) structure in that they admit two globally defined
spinors, one for each of the two original ten-dimensional supersymmetries. Recently the
relationship between these different proposals has been clarified in ref. [iJ]. For N = 1
orientifold compactification our proposal for mirror symmetry was indeed confirmed in
ref. [f§]. Mirror symmetry can also be discussed in terms of brane configurations, which
in this context are naturally described by calibrations in generalised geometry [§, {9

In ref. 5] we showed that compactifications on manifolds with SU(3) x SU(3) struc-
ture are the most general geometric compactifications of type II supergravities with eight
unbroken supercharges or, from a four-dimensional point of view, with N = 2 supersym-
metry. The corresponding low-energy effective action depends only on the light modes of
the string while the heavy string- and Kaluza-Klein excitations are integrated out. The
couplings of this action are strongly constrained by the unbroken N = 2 supersymmetry
which leads to an intricate interplay between supersymmetry and geometry. For general-
ized compactifications the distinction between heavy and light modes is not straightforward
and as a consequence the definition of the effective action is somewhat ambiguous. In [fj]
we showed that even without any Kaluza-Klein truncation it is possible to rewrite the ten-
dimensional effective action in a background with SU(3)-structure in a form which linearly

!The notion of electric flux is related to the definition of the Abelian (electric) gauge bosons. In type
IIB they arise from expanding the RR four-form Cj in terms of elements of the third cohomology H? of the
Calabi-Yau. On H?® there is a natural symplectic structure which in physical terms can be used to define
electric gauge bosons and their magnetic duals. With this definition in mind one also has a natural split of
the NS three-form flux into electric and magnetic. (See [E, E] for further details.)

2In the context of string theory such manifolds were first discussed in [R1].



realizes the eight unbroken supersymmetries. Or in other words we defined the equivalent
of the standard N = 2 couplings, that is the holomorphic prepotential and the Killing
prepotentials, but now in ten dimensions and showed that they do obey the constraints
of N = 2 supersymmetry. From a four-dimensional point of view this action contains an
infinite number of modes and a Kaluza-Klein reduction then corresponds to a consistent
truncation to a finite subspace.

The purpose of this paper is to fill in two missing elements of our earlier work. We
first reanalyze part of the reformulation of ten-dimensional type II supergravity in terms of
Hitchin’s generalized geometrical structures given in [[§]. Specifically we derive the form
of the Killing prepotentials (the N = 2 analogue of the superpotential and D-terms) in the
case of a generic SU(3) x SU(3) structure, verifying the expressions conjectured in [f5].
We then discuss the truncation to a finite set of modes, leading to a conventional four-
dimensional effective theory. In this paper we do not address directly the question of when
such truncations exist, but simply derive a set of consistency conditions for the effective
theory to be N = 2 supersymmetric. (These issues are discussed in detail in [5(].) Given
such a truncation, we identify the backgrounds mirror to a Calabi-Yau compactification
with magnetic H-flux, the case which was missing from the analysis of [[[l]. We then use
existing work to argue that generically these are in fact non-geometrical. Nonetheless, the
corresponding low-energy effective theories can be derived from the general SU(3) x SU(3)
structure expressions, given some suitable truncation, despite the fact that these were
derived assuming there was a geometrical compactification. This is consistent with the
fact that at least some of the non-geometrical backgrounds are geometrical on any local
patch.

The structure of the paper is as follows. In section f| we review the geometry of
generalized structures and show how they can be used to rewrite type II sypergravity in
a form analogous to d = 4, N = 2 supergravity. In section f], we show in detail how the
spectrum of the supergravity fluctuations can be arranged into N = 2 — like multiplets
and in addition, what representations need to be projected out in order to define a theory
without additional spin—% multiplets. In section f] we derive the analogs of the Killing
prepotentials for the generic theory, verifying the form conjectured in ). In section [
we show that one can identify a specific SU(3) x SU(3) structure with an appropriate
mode expansion of the supergravity fields which reproduces the mirror dual low-energy
effective theory of Calabi-Yau compactifications with magnetic H-flux. In section [g we
consider generic SU(3) x SU(3) structures and compute the Killing prepotentials of the
corresponding compactified type IIA and type IIB theories. They turn out to be manifestly
mirror symmetric and all known compactifications can be obtained from them as special
cases.®> In section 7 we take up the issue of non-geometric compactifications and show
that backgrounds with SU(3) x SU(3) structure generically also contain non-geometric
backgrounds. Finally, section § concludes with some open problems. Our conventions for
Spin(6) and Spin(6,6) spinors are given in appendix [A] while the conditions for a consistent
mode truncation are spelled out in appendix [B

3 A specific set of generalized mirror manifolds has been constructed in @]



2. Supergravity and SU(3) x SU(3) structures

We begin by briefly reviewing the reformulation of ten-dimensional type II supergravities
given in [f] and some of the key ingredients of generalized geometry in six dimensions.
Recall that supersymmetry variations in type Il supergravity are given by a pair of ten-
dimensional spinors (e!, €?). In the reformulation, we concentrate on an eight-dimensional
subset of supersymmetries, analogous to the eight supersymmetries of N = 2 supergravity
in four (d = 4) space-time dimensions. Since there are no eight-dimensional representations
of Spin(9,1), this rewriting necessarily no longer has manifest ten-dimensional Lorentz
symmetry, but, as we will see, the bosonic fields can actually be arranged in terms of
0O(6,6) representations which are the natural objects describing generalized geometry.
Specifically, decomposing Spin(9,1) into Spin(3,1) x Spin(6) subgroups we identify
eight supersymmetry parameters given by
el :E}F®771—+€1— ®77—1H

e=cl antt+e o,

(2.1)
where in the second line we take the upper sign for type IIA and the lower for type IIB.
Here nﬁ with A = 1,2 are spinors of Spin(6) while e are Weyl spinors of Spin(3,1). In
each case n? and ¢4 are the charge conjugate spinors and the + subscripts denote the
chirality (for more details see appendix @) For a given pair (ni, 773) we have eight spinors
parametrized by Ei‘. These are the eight supersymmetries which remain manifest in the
reformulated theory.

The assumption that we can identify nf globally puts a topological constraint on the
ten-dimensional spacetime: it must admit a pair of SU(3) structures, one for each spinor.
The tangent bundle must split according to TM?! = T3! @ F, where F' admits a pair
of nowhere vanishing spinors. A simple example of such a split is a space-time which is
a product M%! = M3 x MY (with M® admiting two such spinors) but the background
under consideration can also be more general. The split of the tanget space implies that
all fields of the theory can be decomposed under Spin(3,1) x Spin(6).

The two spinors nﬁ are not necessarily different. If they coincide on the whole manifold,
the two SU(3) structures are the same, and the manifold has a single SU(3) structure. In
neighborhoods where the spinors are not parallel, two real vectors v and v’ can be defined
by the bilinear v™ — '™ := ﬁivmnz. If the spinors never coincide, this complex vector is
nowhere vanishing, and the two SU(3) structures intersect globally in an SU(2) structure.

Instead of defining a general SU(3) structure via the spinor n one can equivalently
define it by a real fundamental two-form J and a complex three-form ). Analogously, a
pair of SU(3) structures can be defined by a pair (J4,Q4) which locally (in neighborhoods
where the two structures do not coincide) can be given as [J

JL=j+vAd, A =wA W+,

2.2
J2=j—vAv, P =wA(v-1). (22)



v,v" are one-forms, j is a real two-form and w is a complex two-form. Together (j,w,v,v")
define a local SU(2) structure on F, if none of them has zeros they define a global SU(2)
structure.

Crucially, one finds, following Hitchin [{, §, f€], that the pair of SU(3) structures is
actually better viewed as an SU(3) x SU(3) structure on the generalized tangent bundle,
that is F @ F*. In turn, this structure is defined by a pair of O(6,6) spinors. As a
consequence, the bosonic supergravity fields can then all be written in terms of O(6,6)
representations. To briefly see how this works, let us start by recalling some facts about
generalized geometry in six dimensions.

There is a natural O(6,6) metric on F' & F* given by

(V, Vl) = ixg/ + i€ (2'3)

where V =2+ & V' =2’ +¢ € F@ F*. In a coordinate basis the metric reads

01
g:(msg>. (2.4)

Given this metric one can define O(6,6) spinors. These are discussed in detail in the
appendix [A], here we will summarize some key points. It turns out that the spinor bundle
S is isomorphic to the bundle of forms

S~ A*F* . (2.5)

Spinors of O(6,6) can be chosen to be Majorana —Weyl. The positive and negative helicity
spin bundles S* are isomorphic to the bundles of even and odd forms A®Ve"/°dd - The
Clifford action on xy € A*F* is given by

(T+8&) - x=taXx+ENX - (2.6)

The isomorphism (P.5) is not unique but is given by a choice of volume form e (though is
independent of the sign of €).* If Y € A*F* we write x. € S for the corresponding spinor.
The usual spinor bilinear form 1/12 - Xe on S is then related to the Mukai pairing <-, > on
forms by

(T,Z)i : XE) €= <¢a X> = Z(_)[(p+1)/2}wp A X6—p (2-7)

P

where the subscripts denote the degree of the component forms in A*F* and [(p + 1)/2]
takes the integer part of (p +1)/2.

A metric g and B-field on F' naturally define an O(6) x O(6) subgroup of O(6,6) and
hence a decomposition of S into Spin(6)-bundles S = S; ® Sa. The two Spin(6)-spinors
nL and n3 defined in (R.I) are naturally sections of S; and Sy respectively. In terms of the
diagonal Spin(6) group under which we identify S; ~ Ss, we can view . € S as a Spin(6)
bispinor, that is, as an element of Cliff(6,0;R). Explicitly one can write real x* € S* as

Xe = C+Ch £ ¢ Ch, (2.8)

“We are using the same symbol ¢ to denote the volume form and the ten-dimensional spinors. The

distinction between the two should hopefully be clear given the context.



where (1, ¢! are ordinary Spin(6) spinors and elements of Sfr and S;r respectively. From
this perspective Xgi is a matrix. In fact it can be expanded as

1
+ +
Xe = Zg—plxml_..mnml e (2.9)
p
with
Xy my = O Yy ) € APF, (2.10)

and where 4™ are Spin(6) gamma-matrices and the trace is over the Spin(6) indices. For
XZ only the even forms are non-zero, while for - the odd forms are non-zero. This gives
an explicit realisation of the isomorphism between S* and A®ve/°dd F* ysing the volume
form €, compatible with the metric g.

Explicitly the O(6,6) Clifford action (R.6) is realised in terms of commutators and
anticommutators

(@ +8) - X& = gl X N5 + 3l6my™ xE )+ - (2.11)
Similarly the Mukai pairing is given by
(,x) = —8tr(Yixe)ey - (2.12)
where
Pl =y CpICT, (2.13)

with 7(6) = ée;m“'mﬁwmlmme and ¢, is the natural orientation compatible with the metric
g (defined up to an arbitrary sign). (See appendix [A] for more details.)
Now consider the pair of complex O(6,6) spinors

+_ —Bf+._ .—B 1:-2
O =e TPy i=e Ty,

2.14
¢ = efB<I>a = ean}Fﬁg , ( )

where B is the NS two-form on F and e™? acts by wedge product. First one notes that
when B is non-trivial, ®* are actually not quite sections of S*. Instead one must consider
the extension F

0 —F*—FE—F—0, (2.15)

defined as follows. If on the overlap of two patches U, N Ug the B-field is patched by
Ba = Bs + dAug (2.16)
then in the extension (R.17) we must identify
To+E&a =25+ (E5 +iz,dAng) . (2.17)

Since iz,&a = iz,€p, the O(d,d) metric can still be defined on the extension E and thus
one can define spinor bundles S*(F) and hence ®* € S*(E).
In order to introduce the notion of pure spinors we need to define the anihilator space
Ly of an O(6,6) spinor as
Lo={VEE:V-®&=0}. (2.18)



A spinor is called pure whenever its annihilator space is maximal isotropic, that is Le is
six-dimensional, and VV,V’ € Lg, (V, V') = 0 holds. A pure spinor ® therefore induces a
decomposition F = Lg + Lg. The complex O(6,6) spinors ®* defined in (R.14) are pure
Spinors.

Individually ®* each defines an SU (3, 3) structure on E. Provided these structures are
compatible, together they define a common SU(3) x SU (3) structure. The requirements of
compatibility are that dim(Lg+ N Lg-) = 3, and that ®* have the same normalization [S[8
In terms of Mukai pairings, they read []

(T, V-97) = (¢, V-9 ) =0 VVEE, (2.19)
(0T, 0T) = (o7,07) . (2.20)

If ®* are built out of Spin(6) spinors in the form of eq. (R.14), they are automatically
compatible [7]. The pair ®* in (R.14) therefore defines an SU(3) x SU(3) structure on
E. In particular, one can see that they are invariant under independent SU(3) groups
acting on n' and n2. Note that in terms of the local SU(2) structure (B.2) they are given

by [B4d, £7

1

pt=-¢ B (E” e — iELw) Ae A
® (2.21)
o = 3 e B (cre™ +icpw) A (v +1v'),
where ¢, ¢, are complex functions satisfying |¢||? 4 [cL|*> = 1. ¢ (cL) vanishes when

the two spinors n'2 are orthogonal (parallel), namely 773_ = ¢ 77}_ +ci (v + iv)my™nt.
At the points where the spinors are parallell (c; = 0), the expression (R.21]) should be
understood as &1 = %e*B eV o = —% e~ B Q, where J and Q are the two- and three-
form of the single SU(3) structure defined by the coinciding spinors. In this case, ®*
defines a symplectic structure, and ®~ a complex structure. Complex and symplectic
structures are particular cases of generalized complex structures. In this situation the
compatibility conditions (B.19) imply the familiar requirements J AQ = 0, BAQ = 0 while
the normalization condition (P20) implies J A J A J = %iQ A Q. In the general case, ®~
contains not only a 3-form, but also a 1 and a 5-form, and defines a generalized complex
structure that is not purely complex but is a mixture of complex and symplectic structures.

One key point in connecting these generalised geometrical structures to supergravity,
is that, following Hitchin [f]-[d], one can show that there is a natural special Kihler
structure on the space of pure spinors at a point. Furthermore, this structure precisely
gives the metric for the “four-dimensional” kinetic terms in the reformulation of type II
supergravity in a N = 2 four-dimensional-type form [[f]. This structure is reviewed in the
appendix . The second key point is that the prepotentials, which describe the potential
terms and gaugings of the N = 2 theory, are also naturally defined in terms of generalised
geometrical structures. This is discussed in section [

Here, let us first briefly summarize the special Kéhler structure. Working at a fixed
point in the manifold, one starts with a real stable Spin(6,6) spinor, or its associated form
xt. Such form is stable if it lies in an open orbit of Spin(6,6). One can construct a
Spin(6,6) invariant six-form, known as the Hitchin function H(x¥), which is homogeneous



of degree two as a function of x*. One can get a second real form by derivation of the
Hitchin function: x*(x) := —0H(x*)/0x*. This form x* has the same parity as y*,
and can be used to define the complex spinors ®* = y* + ix*. Hitchin showed that the
complex spinors built in this form are pure. Since H is homogeneous of degree two in x*,
we have

H(@%) = S(x* §%) = i(a%,3%) (2.22)

There is a symplectic structure on the space of stable spinors given by the Mukai pairing and
a complex structure corresponding to the complex spinor ®*. Both complex and symplectic
structures are integrable, and therefore the space of stable forms (or pure spinors) is Kéhler,
or rather it is rigid special Kihler (for more details, see appendix B]). Quotenting this space
by the C* action ®* — A®% for A € C* (i.e., modding out by rescalings of the pure spinor),
gives a space with a the Kahler potential K is related to the Hitchin function by

e K = H(®F) = i(oF, &F) (2.23)

which defines a local special Kéhler metric.
For a single SU(3) structure, i.e. for ®+ = %e_(B‘HJ), o = —%e_BQ, the Kahler
potentials (P:23) are given respectively by the familiar expressions

KT = LInT A, e KT = danQ. (2.24)

Note that B drops from these expressions (which is easy to see since <e_B P, e B X> =
(¥,eBe™Bx) = (x,v)).

In the following it will be useful to have a decomposition of O(6,6) spinors under the
SU(3)x SU(3) subgroup defined by ®* and ®~. From (R.§) the decomposition of a positive
chirality spinor under Spin(6) x Spin(6) is given by

327 = (4,4) + (4,4) . (2.25)

Under each SU(3) subgroup of Spin(6) we have 4 =1 + 3. Hence under SU(3) x SU(3),
the O(6,6) spinor decomposes into 8 different representations. A similar decomposition
of a negative chirality O(6,6) spinor gives eight further representations. Denoting by Uy ¢
the set of forms transforming in the (r,s) representation of SU(3) x SU(3) together these
decompositions can be arranged in a diamond as given in table [I] [5].?

U, 1 contains a sum of even forms while Uz 1 and Uy 3 contain a sum of odd forms.
Similarly, third row consists of even forms, the forth of odd forms and so on. Note that,
unlike the decomposition of forms induced by a complex structure into (p,q)-forms, the
elements of U, are not necessarily of fixed degree. Instead Uy s contains forms of mixed
degree which however are always even or odd. For example, for a single SU(3) structure on
F (which is a particular case of an SU(3) x SU(3) structure on E), a form belongs to the
space Uy g if it is a multiple of e~ (B+H) Thus it indeed contains all even 0-, 2-, 4- and 6-
form. Conversely forms of fixed degree are linear combinations of elements in different U’s.
For example, a zero-form is a linear combination of elements in Uy 1 © Uy 1 © Us 3 @ Us 3.

By an abuse of notation, it is convenient to use 1 to denote the singlet coming from the decomposition
of 4.



Usi Ui3
Us i Us s Ur3
Uii Us,3 Us3 Ui
U1,3 U3,§ U371
Uis Uz
Uiq

Table 1: Generalized SU(3) x SU(3) diamond.

3. Field decompositions and spectrum

In this section we discuss the group-theoretical properties of the massless type II supergrav-
ities fields in a background with a generalized tanget bundle 73! @ F' @ F*. In particular
we show how the fields assemble in N = 2 — like multiplets.

If FF @ F* admits an SU(3) x SU(3) structure all ten-dimensional fields can be de-
composed under Spin(3,1) x SU(3) x SU(3). In fact it is slightly simpler to first go to
light-cone gauge and discuss the decompostion under SO(2) x SU(3) x SU(3) instead.
In order to do so let us first recall the decomposition of the two 8-dimensional inequiva-
lent Majorana-Weyl representations 8g and 8¢ and the vector representation 8y of SO(8)
under SO(8) — SO(2) x SO(6) — SO(2) x SU(3). One has [p]

8 — 4194 1 — 1:91_153.:303
2 2 2

1,

, (3.1)

N=
N|=
N

— 1

8¢ — 4 1 D4

2

®1_ 193 103
2 2

N[
N|=
N=

8v — 11911360 —» 11®1_1D30® 30 .

where the subscript denotes the helicity of SO(2).

Let us start with the decomposition of the fermions which arise in the (NS,R) and
(R,NS) sector. More precisly, in type ITA the two gravitinos together with the two dilatinos
are in the (8g,8v) and (8v,8¢) of SO(8);, x SO(8)r while in type IIB they come in the
(8g,8v) and (8vy, 8g) representations. The decomposition of these representations under
SO(8)r x SO(8)r — SO(2) x SU(3)1, x SU(3)r yields®

(SSaSV) - (15 1)i%,i% @ (35 1)%,7% D ( 51)7%7% D (153)i% @ (1a§)i%
®©(3,3)1 9 (3,3)_1®(3,3)1 ®(3,3)_1,
2 2 2 2
(SV,SS) - (15 1)i%7i% @E?’a 1)i% D (:0,’ 1)i% 63(1-53)%,7% D (153)7%7% (32)
©(3,3)1 ©(3,3)1©(3,3)_1®(3,3)_1,
2 2 2 2
8v,8c) = (1,1)13 11 ®(3,1)11®(3,1)41 @ (1,3) 51D (1,3)s 1
EB (353)71 @ (3,3)71 @ (353)1 @ (gag)l .
2 2 2 2

5The SO(2) factor in the decomposition of SO(8)r and SO(8)r is of course the same.



Exactly as we did in ref. [i§] we do not consider the most general N = 2 — like
supergravity but only keep two gravitinos in the gravitational multiplet and project out
all other (possibly massive) spin—% multiplets. This ensures a ‘standard’ N=2 theory with
only the gravitational multiplet plus possibly vector, tensor and hypermultiplets. In this
case the couplings in the low energy effective action are well known and highly constrained
by the N = 2 supersymmetry.

From (B.2) we learn that keeping only the two gravitinos of the gravitational multiplet
is insured if all representations of the form (3,1), (3,1), (1,3), (1,3) are projected out.
In terms of the representations in the diamond in table [, this amounts to keeping only
the elements in the horizontal and vertical axes. This is the analogue of projecting out
all triplets in the case of a single SU(3) structure as we did in ref. [i5]. In that case it
also removed all O(6) vectors (or equivalently all one-forms) from the spectrum. For a
generalized SU(3) x SU(3) structure we are lead to project out the vectors of O(6,6),
which decompose under SU(3) x SU(3) precisely as 12 — (3,1) ® (3,1) ® (1,3) @ (1, 3).
Note that projecting out O(6, 6) vectors does not imply projecting out all O(6) vectors. For
a generic SU(3) x SU(3) structure, there are O(6) vectors (or equivalently one forms) that
remain in the spectrum, as for example those contained in Uy ;. Whenever the structure
is not a single SU(3), this representation, which is not projected out, contains a one-form,
and the same is true for all the other representations in the horizontal axis of the diamond.

After this projection both type II theories have two gravitinos and two Weyl fermions
(dilatinos) in the (1, 1) representations. They reside in the gravitational multiplet and the
‘universal’ tensor multiplet respectively. Furthermore, eq. (B.9) shows that there is a pair
of Weyl fermions in the representations (3, 3) (3, 3) and a pair in the (3,3)®(3,3). These
fermions are members of vector- or hypermultiplets depending on which type II theory is
being considered.

The bosonic fields in the NS sector can be similarly decomposed under SU(3) x SU(3).
It is convenient to use the combination Eyn = gyrn + By of the metric and the B-field
since from a string theoretical point it is a tensor product of a left and a right NS-mode
excitation. As a consequence it decomposes under SU(3) x SU(3) as

El“/ : (1, 1)i2 &) (1, 1)T ,

Eum : (17 3):|:1 ©® (}7 g):I:l 5 (33)
Emu : (3, l)il ©® (35 1)i1 5

Emn : (37 3)0 @ (37 3)0 7 (37 3)0 7 (37 g)0 )

where T denotes the antisymmetric tensor. Projecting out the representations (3,1),
(3,1), (1,38), (1,3) leaves only E,, and Ey,, in the spectrum. From a four-dimensional
point of view E,, corresponds to the graviton and an antisymmetric tensor while F,,
represent scalar fields. The latter can be viewed as paramterizing the deformations of the
SU(3) x SU(3) structure or equivalently as deformations of the pure spinors ®*. More
precisely, keeping the normalization of the pure spinors fixed, §®* transforms in the (3, 3),
while @~ transforms in the (3,3) (and 6®*, &~ transform in the complex conjugate
representations, (3,3) and (3, 3) respectively).
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multiplet SU(3) x SU(3)rep. | bosonic field content
gravity multiplet (1,1) G Af
tensor multiplet (1,1) B, 0, Ay
vector multiplets (3,3) AT, 60%
hypermultiplets (3,3) 00—, Ay

Table 2: N=2 multiplets in type ITA

Finally we decompose the fields in the RR-sector. Here the bosonic fields arise from
the decomposition of (8g,8¢) for type ITA and (8g,8g) for type IIB. One finds (after
projecting out the triplets)

ITA:  (85,8¢) — (1,1)11,0®(3,3)0 @ (
IIB: (85,85) — (1,1)410% (3,3)1 & (

Jo @
)—

In type IIA the RR sector contains gauge potentials of odd degree. The decomposition (B.4)

®(3,3)_1,

3,3)1
i, (3.4)
(3,3)0 @(3 3)o

(
1P

WI OJI

3,
3,

naturally groups these into helicity +1 and helicity 0 states from a four-dimensional point
of view. This leads us to define

Ay = A1)+ A3 + A = (1,1)0 @ (3,3)0 @ (3,3)0

_ _ (3.5)
Af =Aqo)+Au2) +Ausy +Ane ~ (1,1)11 ©(3,3)1 @(3,3)1

where A, . is a ‘four-dimensional’ p-form and a ‘six-dimensional’ g-form.” Ay contains
‘four-dimensional’ scalar degrees of freedom and is a sum of odd ‘six-dimensional’ forms
while Af contains ‘four-dimensional’ vectors and is a sum even ‘six-dimensional’ forms.

In type IIB the situation is exactly reversed. Here we define

Af = Apo)+ A2 + A +Ape =~ (1,1)0® (3

) ) (3 3)07
AT =Aqny +Aug +Aas ~(1,1)1 ©(3,3)1 9 (3,3) 1

(3.6)

As expected all these fields combine into N = 2 multiplets, as shown in tables f] and J.

We see that the fields arrange nicely and (mirror) symmetrically into multiplets of
a given Spin(6,6) chirality. Mirror symmetry amounts to a exchange of even and odd
Spin(6,6) chirality, or to an exchange of one 3 into a 3. This is the analogue of the
exchange between 6 & 3 and 8 & 1 proposed in [1J] for a single SU(3) structure. From
these tables it should be clear that SU(3) x SU(3) structure is the relevant one for N = 2
effective actions coming from type II theories.

"There is an ambiguity in the representation of the scalar degrees of freedom arising in the RR-sector.
They can be equally well written as a four-dimensional two-form. On the other hand, A} includes both
the vector and dual vector degrees of freedom.
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multiplet SU(3) x SU(3)rep. | bosonic field content
gravity multiplet (1,1) Guvs AT
tensor multiplet (1,1) B, ¢, AS‘
vector multiplets (3,3) A7 ,00™
hypermultiplets (3,3) oo, AS‘

Table 3: N=2 multiplets in type IIB

4. N =2 and N = 1 superpotentials

In this section we show that the A/ = 2 Killing prepotentials and the A' = 1 superpotential
found for SU(3) structures in [ig] have exactly the same functional form when the structure
is generalized to SU(3) x SU(3).

The N = 2 analogue of the N = 1 superpotential and the N = 1 D-term are encoded
in the Killing prepotentials P*, z = 1,2,3. These, together with its derivatives, determine
the scalar potential [F5]. The Killing prepotentials can equivalently be expressed in terms
of the SU(2)® gravitino mass matrix Sap, via

zl _ ;sx2 _ sx3
57— i5 5 ) 1)

i Llp
Sap = -—e27 Vi s P* ohp = .
2 AB ) AB _5;1:3 _511 _ Z('512

where Ky is the Kéahler potential of the vector multiplets. The gravitino mass matrix
Sap is obtained from the supersymmetry transformation of the four-dimensional N = 2
gravitinos, which has the generic form

0ap = Dyea +inuSape”, A=1,2 (4.2)
The four dimensional gravitinos 14, are related to the ten dimensional ones W, by [E5]
U =0y + 3T, = A, @0t +Ya— @ni+. .. (4.3)

where no sum over A is taken on the right hand side, and the + are correlated to the
chirality of the ten-dimensional spinor, that we take to be negative (positive) for A = 1
(2) in ITA, and negative for A = 1,2 in IIB. In this expression, the dots correspond to the
triplets.

8The four-dimensional N = 2 theory has a local SU(2)r symmetry which rotates the two (complex)
gravitinos 14 , into each other. In ten dimensions it arises from the O(2) rotation of the two ten-dimensional
Majorana-Weyl fermions into each other.
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The supersymmetry transformation of the gravitinos for the democratic formula-
tion [pf] in Einstein frame is

1 _

e(5fn)¢/4 N N N ~ N
— Z W [(n — 1)FM 1. Np n(9 — n)(SM i74ve-- n] FNl...Nn Pn . (4.4)

In this expression, n = 0,2,4,6,8, P =1'1; and P, = (Fn)n/20'1 for ITA. For IIB we have
instead a sum over n = 1,3,5,7,9, P = —¢> and P, = i0? for n = 1,5,9 and P, = o' for
n=3,71.

In order to get S4p, we need to project the supersymmetry transformation of the ten-
dimensional shifted gravitino 5\@“ onto the SU (3)-singlet parts. The relevant projector for

Hl 1 1 =1
H:<H5>=<1gzgzg> (4.5)

(we are using 74n{ = 1). For type IIA, we have instead II! and I12 = 1® (n? ®72). In

type IIB is

the following we show the details of the type IIB calculation but only give the results for
type IIA since it follows straightforwardly.
Inserting the projector ({.§) in 5@%, we get

0\ _ [ Duei) 1 ’YE 72" Dy L L Y€l Hpgr TEAP7
5¢3+ Duei 2 'Yff JYmDanr 48 —’yueg Hpqrn;ypq”ni

1 e e L F it ’Yil"'zn (4.6)
8 \ el o (F )iy 2 iy

where we have written the expressions in terms of string frame metric ¢ = e?/2gg.
Furthermore F~ = F; + F3 + F5 is the sum of odd internal RR field strengths, and
o(F~) = —F) + F3 — F5 is the combination of forms that appears in the Mukai pairing,
eq. (B77) (o(F.) = FL in the spinor language) . From this we read off

S = %ﬁivamni - éHpqm Py

Soo = %ﬁ%v Dy + 48H o TP

Si2 = %6¢%Fg in fLytingd

So1 = %€¢%U(F)@1 i = 2yt (4.7)

Multiplying by a volume form ¢ and using (B.19), we can write these expressions in terms
of Mukai pairings. Syo is the simplest one,
. B L 1 _ -~
S1g€ = So1 e =itr (niniv“"“)EFilmine = —tr((®g)LF e
1 1 (4.8)
=—(0,,F)==(d"7,G7),
L@, F) = L (07,67
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where @, is defined in (R.14). In the third equality we have used (®;)! = in2 il (see

€

appendix [A] for more details) and we recall that F is related to F. by (2.9). In the first
equality, we use o(F). = FI. Finally, in the last equality we have defined the RR flux G
through

F=dC-HAC=¢ePG . (4.9)

G is the flux for the potentials A used in the previous section, namely
Gt =d4,, G =d4{. (4.10)

which implies that A is related to C' by C' = eBA.
The diagonal pieces in Sap require a bit more work. It is easier to show that they can
also be expressed in terms of Mukai pairings by working backwards, i.e. starting from the
latter and arriving at the bilinears in (7). Using the relation (R.11)) we have
deg = 5 [y, Dm(nin})]

411
(V" D)5+ (V") (Do) + (D) (T5A™) + 0 (Diniy™)] - -y

1
2
1
=32
Similarly

HA®§ = g5 Hpnp [V + 39" 0”3y iy ™ kg™ (412)

Now we have by chirality and the symmetry of the gamma matrices
-1+ = 10-7"n+ = 047" 14 = 0. (4.13)

Hence, we have

1, 1, _
(@ ,dq>+>:§<q>0,(dq>g—HAq>g)>:—tr[(q>0)z(dq>g—HAq>g)E]e

_ . (4.14)
- - [%ﬁlfrymDm"?}k - ﬁHmnpﬁEWmnpn}r] €= —511€,
where only the first terms in (f.11)) and ({.13) survive. Similarly, one shows that
Lio- e+
§<(I) ’d(I) > = 522 € (415)

where now the last terms of the expressions ([.11)) and (1) corresponding to ®; are the
only ones that survive when inserted in the Mukai pairing.
Collecting all the pieces together, we get for the matrix Sap in type 1IB

—e2 KT (o oty —e2Y (07,G7)

4.16
_62¢(4) <<1>_,G_> e§K++¢(4) <<1>—,d<i>+> ( )

SG)(B) = ée%K‘

In this expression the superscript (4) indicates that in (f.J) we are using the natural
metric on T13: gfﬁ) = 201 9. The four dimensional dilaton #W is related to the
ten dimensional one and the string frame metric by ¢ = ¢ — %ln det ginn. The Kahler
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potentials K* are defined in (2.23) and we have used that all the six-forms are related by
the normalization condition

e = i(®F, dF) = ¢ KT = 22 (4.17)

Note that Sap is naturally a section of (ASF*)~1/2,
The calculation for type IIA follows straightforwardly, and gives

e o3 K~ +o® (®F, o) 020 (o, Gt

1
SEa1A) = - _
8 o204 <<1>+,G+> e Ko <<I>+,d<1>_>

(4.18)

The gravitino mass matrices obtained have excately the same functional form in terms
of ®* as the one obtained in [i] for a single SU(3) structure, confirming the claim made
there.” They are symmetric under the mirror exchange ®+ «— &, Gt — G~.

Given the N' = 2 Killing prepotentials, the computation of the A = 1 superpotential
is exactly the same as for a single SU(3) structure. We will therefore not show the details,

worked out in [[IF], but just quote the result!'®

Wia = cos?ae®(@F,dd7) — sin?ae (@, dD7) + sin2ce? (®F,G*), (4.19)
and

Wi = —cos?ae’ (®7,deT) + sin? a e (®7,d®") — sin2a e? (®7,G7). (4.20)

where o and [ parameterize the U(1)r € SU(2)g of N =1, namely the N’ = 1 supersym-
metry parameter ¢ is given in terms of the N’ = 2 parameters 4 by

a

ig ig
E a=cosae 27, b=sinae2” . (4.21)

EA = ENY, ng = <
(We have absorbed the factors of 1/8 in ([£.16), ({.1§) in the definition of W.) The difference
between the SU(3) x SU(3) and SU(3) superpotential is in the form of the pure spinors,
which leads to the appearance of new terms involving the five-form d(I)Zf. As we will see in
the next section, these are the mirrors of magnetic fluxes missing in pure SU(3) structure
constructions.

5. Mirror of magnetic fluxes

Thus far we rewrote the ten-dimensional type II supergravity in a background which admits
an SU(3) x SU(3) structure. In this section we consider an actual compactification so that

9The differences in factors are due to different conventions for the normalizations of the spinors, while
S11 and Se2 in type ITA are interchanged with respect to the expressions in @] because we have taken
opposte conventions for the chiralities of the type ITA spinors.

YFor orientifold compactification on SU(3) x SU(3) manifolds the superpotential has been computed
in [@] by reducing the ten-dimensional gravitino mass term.
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the background M%! = M3 x M% where M® is a compact manifold with SU(3) x SU(3)
structure. Such reductions in the special case of a pure SU(3) structure were discussed in
ref. [i§). The analysis here is completely analogous and therefore we only briefly review
this step. In addition, we will truncate the degrees of freedom in the forms ®* to a finite
dimensional space, giving a conventional effective N = 2 supergravity theory on M>!. In
the case of the Calabi-Yau this truncation translates into keeping only harmonic forms and
describes the moduli of the Calabi-Yau manifold. As we will see, in general situations, it
is more complicated. This is discussed in section as well as the appendix [B.

The generic case will be considered in the next section. In this section we concentrate
on a particular subclass of compactifications for which one obtains the mirror dual of
compactifications on Calabi-Yau manifolds with magnetic Hs-flux. This case was missing
in refs. [[[1], i] and as a consequence the final results were not mirror symmetric. Here we
close this gap and suggest a completely mirror symmetric background. Related work has
been performed in refs. 23, B3, i§] and we comment on the relation in section ff.

By way of comparison we first briefly consider the case of compactification on a Calabi-
Yau manifold with generic Hs-flux in the language of generalised structures and identify the
truncation. We then discuss the analogous structure for the mirror symmetric background.

5.1 Generalised geometry and Hs-flux

Let us review the derivation of the low-energy effective action arising from a compactifica-
tion on a Calabi-Yau manifold Mg with general Hs-flux [57-F9, [9, B0, E1, P2, EH).

One starts by identifying the moduli. Since we want to consider non-trivial Hz flux
we first split the (local) potential B into flux and moduli pieces

B=B"1B, dB' = Hs;, dB=0. (5.1)

The usual Calabi-Yau moduli correspond to expanding the Kahler form J, the modulus
part B and the holomorphic three-form € on Mg in terms of forms which are harmonic
with respect to the metric defined by the SU(3) structure (.J, ).

Specially one expands the three-form €2 in terms of a symplectic basis of harmonic
three-forms

o\ O ¢ H3 (Mg, R),  I=0,... ha1, (5.2)
with
/ (o, 607y = 5,7, (5.3)
Mg

and all other pairings vanishing, where we have written the symplectic structure in terms of
the Mukai pairing <-, > One similarly introduces a set of even harmonic forms to expand

J and B:

wl” =1 € H(Mg,R), w0 e H2(Mg,R), -
@(0)0 c H6(M6,R), J;(O)a c H4(M6,R),
with a =1,...,hy 1 and
/ <wf£)’@(0)B> — 545, A, B=0,...,h1, (5.5)
Ms
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and all other pairings vanishing. Explicitly, the complex Kéahler form is expanded as
B+iJ = t“wéo). Note that the condition J A 2 = 0 implies that
w© A af) = w((lo) A ﬂ(O)A =0 Va, A. (5.6)

a

which is satisfied identically for harmonic forms.

It is a standard result that there are natural local special Kahler metrics on the moduli
spaces of B+iJ and ). These describe the kinetic energy terms of the moduli in the effective
four-dimensional N = 2 theory. The properties of special Kéahler metrics are discussed in
appendix Bl In general they are determined by a holomorphic prepotential F. In the
Calabi-Yau context, for the Kéhler moduli, introducing homogeneous complex coordinates

X0 = ¢ and X% = —ct® the corresponding pure spinor can be written as
e_BCD(J{ = ce B = XAwff) — Fae04, (5.7)

where Fy = 0F/0X 4. Similarly, one has homogeneous complex coordinates Z! for the
complex structure moduli such that the pure spinor corresponding to €2 has the form

¢ Bo; = i =27\ - F 3O (5.8)

where again F; = 0F/0Z!. Using (F.6) one notes that e B ®, = ®,. The corresponding
Kahler potentials are given by

o (5.9)
e :i/ (@;.8;) =& [ Qna=i(ZF - 2'F) .
M6 M6

eK+:i/ (o5, 88) =% [ JAIAT=i(XAFs— XAFa),
M6
.

In deriving the low-energy effective action we assume that the flux Hs also satisfied
the Bianchi identity and equations of motion, and hence is also harmonic. This means

Hs; =dB% = —mlago) + ;301 (5.10)
where m! are the “magnetic” fluxes and ey the “electric” fluxes. Note that for a consistent

string theory background the charges m! and e; must be integral.

Now in the general expressions for the superpotentials given section [ the pure spinors
®F were twisted by the full potential B = Bl + B. It is then natural to introduce a twisted
basis of forms. We write

-B A ~A
Pt = POf = Xwy — Fad?,

5.11
o~ = Py =2 — Fi1p, G101
where the twisted basis forms are given by
wy = e_Bﬂwg)), oA = e—Bﬂ@(O)A’
B (0) I Bf 5(0)1 (5.12)
ar=e 7 aj’, G =e” ﬁ().
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Note that (wa, &%) and (ar,87) are no longer of pure degree. Since the Mukai pairing is
invariant under O(6, 6) transformations we still have the symplectic structure

/ (wa, @) = 047, / {ar,B7) =617, (5.13)
Me Ms

with the other pairings vanishing. The Kihler potentials K+ = — lnifM6 <<I>i, @i> are
similarly still given by (5.9). Note that this twisted basis is an example of a generic
truncation, satisfying the necessary conditions discussed in appendix [B.

Crucially the new basis forms are no longer closed. Using the conditions (f.4), we find
that the only non-zero terms are

dwg = —e_BﬁHg A wéo) — ¢ B" (mlago) — e[ﬁ(O)I)a
day = —e_BﬁHs A Oégo) = o (mJO‘L(]O) —es807) A ago)’ (5.14)

d8" = —e B Hy p OT = ¢~ B" (m‘]aflo) — ;307 A O

13

Let us introduce a notation “~” to denote equality up to terms which vanish under the

symplectic pairing (5.13) with any basis form. The non-zero terms are then given by
dwy ~ mlay —erf!, dag ~ er@?, dgl ~m'&P, (5.15)

where we have used (f.5), and where the first expression is actually an equality.

The corresponding low-energy effective action of Calabi-Yau compactifications with
electric and magnetic fluxes has been derived in refs. [57-p9, 19, b0, 61, B3, {5 and for
later reference we recall the Killing prepotentials computed in [ here. For type IIA one
has

Pl 4+ip? = %e%K*+¢(4) / QANHs= —Qe%K*‘HW) (eIZI — .7:[77'1/[) ,
Me (5.16)
p3 = 20 Ay N Hy = 2 (¢ler + Eml) .
M

In type IIB one finds instead

pl_ip? = —ieélﬂﬂbw / QOANHs= —Qe%K++¢(4) (eIZI — .7:[77'1/[) ,

Me (5.17)

P? = —§62¢(4)£0/ . QA Hy = 2¢O (e1Z' — Fym'),
M

where £V is the RR scalar of type IIB.

To summarize, we have reformulated the moduli and flux expansion in the conventional
Calabi-Yau compactification in terms of a slightly modified set of twisted forms which
naturally include the H3-flux and are appropriate to the generalised geometry. A key point
is that the elements of the new bases are neither of pure degree nor are closed. As we will
see in the next section, this provides a very natural ansatz for the corresponding expansion
for the mirror geometries.
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5.2 Generalised geometry and the mirror of H3-flux

Following the setup of ref. [l and in analogy with our reformulation of the Calabi-Yau
compactification with Hsz-flux, we now look for some basis of forms on M® in which to
expand the fields of the ten-dimensional background (summarized in tables | and ). It is
clear from the Calabi-Yau discussion that in general the basis forms in A*T'M™ need not
be of pure degree, nor closed.

Physically we are keeping only certain modes in the entire tower of Kaluza-Klein exci-
tations which correspond to the light modes of the compactification. Obviously to actually
identify this hierarchy of excitations requires a knowledge of the particular properties of
Meg. In the following, rather than fix the manifold and show that there is a sensible set of
light modes, we will simply assume there is such an expansion and discuss its consistency
conditions. (For a further discussion of when such a truncation exists see [b(].) Indeed,
if mirror symmetry can be defined for a Calabi-Yau compactification with Hs flux, then
there must be some dual compactification for which such a hierarchical expansion can be
identified.

The general truncation consistency conditions are discussed in detail in appendix [B.1!
Since ®* and G* are sums of either odd or even forms, our basis should similarly be in
terms of odd or even forms. For the kinetic terms to make sense (and to have the correct
multiplet structure) we better ensure that the special Kdhler geometry for the untruncated
d* descends to a special Kdhler geometry for the finite number of modes we are keeping,.

In general we identify two finite-dimensional subspaces U* € C°°(S*(FE)) and require
d* to lie in U*. Explicitly we can expand ®* in terms of a basis of forms

YT ={was,0B}, A=0,...,b",

>~ ={an,B’}, I=0,...,b". (5.18)

which define a symplectic structure

/ (wa, @) = 04", / (ar, B7) = 6,7, (5.19)
M6 M6

with all other pairings vanishing. For there to be a natural local special Kéhler structure on
U* /C*, these bases must satisfy a number of other conditions given in detail in appendix B.
Ignoring the compatibility condition (B.19) one can then introduce holomorphic coordinates
and prepotentials as before, and expand the pure spinors ®* as follows

ot = XAwy — Fuo?, 0 =Zlay— Fipl. (5.20)

Generically, however, the compatibility condition (R.19) imposes a relation between
the moduli. To avoid this, we will assume, that (R.19) is satisfied by each pair of basis
forms

(wa,Veary = (wa, V- B = (@ V-ar) = (@4 V- p') =0, (5.21)

for all V =a + £ € E. These are the analogues of the conditions (@) in the Calabi-Yau
case and imply that the expressions (5.20) are valid without constraining the moduli. In

"The conditions in the special case of a generic SU(3) structure were also analysed recently in [@]
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fact (5.21]) further implies that there are no triplet representations under SU(3) x SU(3)
in the expansion which has to hold so that no additional spin—% multiplets are in the light
spectrum. To see this, note, first, that a generic x € S(E) contains eight triplet components
as indicated in table [ Similarly, a generic vector V € E decomposes into four triplets
(3,1)4+(3,1)+(1,3)+(1,3) under SU(3) x SU(3). Since the Mukai pairing and the pure
spinors ®* are singlets, the condition

(@1, V-x)=(®",V-x)=0, VVEE, (5.22)
is equivalent to setting the eight triple components of x to zero. Given the expansion (b.1§)
and using the fact that (1, V - x) = —(x,V - ¢), it is easy to check that (5.29) is indeed
satisfied for every basis form.

The truncated Kéahler potentials are given by the same expressions as in the Calabi-Yau
case (p.9) and read

oK i/ (8%,87) =i (XAF4 — XAFy)
e (5.23)

K" :1/ (8.8 ) =i (Z'F — 7'F) .
MG

For the Ramond-Ramond fields we expand the combinations Af)t and Af defined in
egs. (B.6), (B-H) in terms of the symplectic basis (b.19) as follows

Aa— :gAwA+§Bd)Ba Al_ = A{aI+AlJﬁJ7 (5 24)

Ay =ar+ 687, A7 = Alwa+ Aipd”
¢4 and € are scalars and Al and Ay are vectors in type IIB while &/, &, Af and A;p
are scalars and vectors of type IIA respectively. In the following it will sometimes be
more convenient to dualize the scalars of Aar and A, to antisymmetric tensors and, when
appropriate, discuss the effective theory in terms of them.'? Thus we define

A;r :CN';‘WA—FCQB(DB, A; :éQIa]+CQJ/3J7 (5.25)

where from a four-dimensional point of view Aj is dual to Aar and A, is dual to A, . At
the level of the four-dimensional fields the duality relates

o Coy, £p — CF, ¢! o Cyr, £y Cy . (5.26)

The goal of this section is to find the dual of the magnetic fluxes. We know that
mirror symmetry essentially exchanges A®Y*T* Mg and A°d4T*Mg. We also showed in the
previous section that the Hs flux is naturally incorporated in the generalised geometry
picture as non-closed basis forms (f.14). Thus for the mirror compactification it is natural

12The reason is that the magnetic fluxes or torsion charges generate masses for some of the antisymmetric
tensors and the discussion becomes a bit more involved in terms of scalar degrees of freedom @, EI, @]
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to take the same differential conditions (5.14) but with the roles of odd and even forms
reversed:!3

dag ~ prwa +ead?, dwa ~ —eaf, do?t ~ pAp0 . (5.27)

Note that as before these relations are only up to terms which vanish under the symplectic
pairing (5.19). Here we have singled out two of the basis forms ag and #°. This is a
familiar property of local special Kihler metrics. The point is that the ®* are only defined
up to complex rescalings. From egs. (p.23) we see that o+ — =T amounts to a Kéhler
transformation of K*. Therefore it is possible to go to ‘special coordinates’ where one of
the X4 and one of the Z/, say X? and Z°, is scaled to one. This arbitrarily singles out
one of each of the basis elements namely wg and «g, and the dual @° and 3°.

For p4 = 0 the conditions () precisely correspond to the conditions imposed in
ref. L] with e4 being the mirror dual of the electric fluxes. Note that in ref. [L1] it was
assumed that all the basis forms were of pure degree and hence p# was necessarily zero. The
generalisation here is that we allow the basis forms to be of mixed degree. The next step
is to show that the p# in (5.27) corresponds to the mirror dual of the magnetic fluxes. We
do not compute the entire effective action but instead only focus on the mass terms of the
antisymmetric tensor, the covariant derivatives of the scalars and the Killing prepotential.
Let us discuss these in turn.

The ten-dimensional type IIA action contains terms of the form |Ga,|?> where Gop =
dAgp,—1 is the 2p-form field strength of the (2p — 1)-form gauge potential Ag,_;1. In the
compactified theory the combination dA; +d4A; appears where now d denotes the exterior
derivative on M% while d4 is the exterior derivative on M3!. Using (5.24) and (5:27) we
find

dAy + dyAT = Dyt wa + Dog?, (5.28)
where
Df = G + d,A7 50
Pos = CQen+dydd
D2A is invariant under the combined gauge transformations
6CY = d,01, sAd = —pley, (5.30)

where O, is a one-form gauge parameter. We see that by an appropriate gauge choice one
linear combination of vectors A‘f‘ can be removed from the spectrum or in other words they
become the longitudinal degree of freedom of a massive C’S . Indeed, repeating the analysis
of ref. [Ig, [L1] one easily shows that the effective action contains terms proportional to
Do A Dy and Dy A xDs. From this we conclude that for pA # 0 the antisymmetric tensor
C’S aquires a mass by a Stueckelberg mechanism or in other words by ‘eating’ a vector.
This is precisley what one finds in Calabi-Yau compactifications of type IIB with magnetic
fluxes as computed in ref. [[[1] and thus we have a first crucial check that we have succesfully
identified the mirror dual compactification.

13Note that d® = 0 is automatically satisfied.
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As a second check let us compute the Killing prepotential on the finite subspaces U®.
Using (5.20), (b-24), (6.27) and Gt = dA; we obtain from (TRE)

731 + 1732 — —QQ%K_+¢(4) / <(P+’ d(b7> — —QQ%K_+¢(4) (XABA + FApA) s
Mo (5.31)
4 4
3 _ 20 (o+,GH) = 026 )SO(XAeA + Fap?) .
MG

These are precisely the correct Killing prepotential for the mirror dual compactification as
can be seen by comparing with eq. (F-17). Under the exchange X4 « ZI, Fy « Fy,
er «— ea, m! — — p? the expressions are identical.

For completness let us also display the results for type IIB compactifications. In this
case no antisymmetric tensor becomes massive and thus it is more convenient to use the
scalars in Al of (5.24) in our discussion. From the ten-dimensional type IIB action one
obtains the combination dA] +d4A4¢ in the four-dimensional effective action. Using (5.24)
and (p.27) we find

dAT + dyAF = DE*wa + DEA A (5.32)

where

Ded = Ayt —pAAY,  DEa =diba —eaAl . (5.33)

We see that, depending on the choice of p#,e4, a linear combination of £4,£4 becomes
the longitudinal degree of freedom of a massive vector Ag. Again, this is precisley what
one finds in Calabi-Yau compactifications of type IIA with electric and magnetic fluxes as
computed in ref. [Ig]. The corresponding Killing prepotentials are given by

Pl —ip? = —2e3 K +o / (@7,ddT) = —2e35+ 9" (XAey 4 Fyp?)
Me (5.34)
P3 = 2" (@na) = 2" (ehes — Eap”)
M
which again are perfectly mirror symmetric to (p.16).

Let us summarize. By considering compactifications of type IIA on a specific class of
manifolds with SU (3) x SU(3) we were able to identify mirror duals of type IIB compactifi-
cations on Calabi-Yau threefolds with generic background Hs-flux. The dual manifolds are
characterized by the condition (f.27) which generalize the half-flat conditions of ref. [[L1].
The new ingredient is a non-zero parameter p* which plays the role of a dual magnetic
flux.* Note that the quantization of the dual Hs implies that e4 and p? are similarly
integral. In simple examples, these conditions are necessarily satisfied since e4 and p? are
related to topological invariants of the manifold.

Instead of giving (p.27) we can equally well specify differential constraints of Pt

Using (5.20) one obtains

A0t = —(XAeq + Fap®) B0,  dd~ = pwa + ead? . (5.35)

This dual background has also been confirmed by identifying mirror symmetric N = 1 domain wall
solutions @]
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This compares with
Aot =mla; —eB',  do™ = (Zle; — Fpmh) &P, (5.36)

for the case of a Calabi-Yau compactification with Hs flux. As expected we see that mirror
symmetry is just exchanging odd and even forms. Note that the right hand side of d®~
in (5.35) is real and thus we have

dlm®™ =0. (5.37)

The same constraint holds for half-flat manifolds but in that case also J A J is closed.
Here, this second constraint no longer holds. Furthermore, since oy and 8! are generically
of mixed degree, ®~ is no longer purely a three-form.

6. Generic SU(3) x SU(3) compactifications

In the previous section we considered manifolds with SU(3) x SU(3) structure which can
serve as mirror dual compactifications of Calabi-Yau backgrounds with generic NS-flux.
In this section we consider a more general class of compactifications by relaxing (.27)
and (b.3§). As before we consider a generic truncation (5.18), with the triplets projected
out, but now allow for the most general differential conditions which can be imposed on
the two symplectic basis. They read

A ~A I 1A I ~A
daj ~ prwa +eraw”, dB’ ~ g “wa +myuw”,

i (6.1)
dwy ~ mﬂaz —eraf’, do? ~ —qIAOéI +pflﬁl )

where pft, era,¢™, m!, are four (b*+1) x (b~ +1)-dimensional constant matrices. Following
the discussion of the previous section, we expect these matrices to take integer values. In
order to make the symplectic structure manifest let us introduce a notation for the two

ot <:g> ., Y= (gﬁ) . (6.2)

In terms of ¥ and ¥~ eq. (p.1)) turns into

symplectic basis

Ay~ ~Q¥t,  dxt~8,. 07 (s ) e~ (6.3)

where
0= PIA €IB (6.4)
qJA mJB ’ :

and S; and S_ are the symplectic structures on Ut and U~. Note that d¥~ and dX*
have to depend on the same matrix Q in order to ensure consistency of f 6 <E+, d2*> =
[is (45T, X7). Furthermore d? = 0 implies two additional quadratic constraints

05,Q" =0 = QT (5)'Q, (6.5)
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or explicitly

qIAmji - m,IAqAJ = 0, pAIAeAJ - GIAP§1 = 05 pAIAmi - elAqAJ = 0, (6 6)
p? - pitd'P =0, mherp —earmp =0, mhpf —earg’? =0.

The ‘doubly symplectic’ charge matrix Q has also been discussed in refs. [f4, f5].
Note that we can count the number of independent charges in Q as follows. Formally
Q is a linear map Q : U~ — U™, or equivalently Q € (U~)* ® U". The conditions (p.H)
imply that images of @ and QT are isotropic subspaces, denoted by LT := imQ c U™
and L~ := im QT C (U™)* respectively. Equivalently, Q € L~ ® L*, with, as for any
linear map, p := dim L™ = dim L~. Since LT and L~ are isotropic we have p < b+ +1 and
p < b~ +1. Furthermore, a p-dimensional isotropic subspace in a 2d-dimensional symplectic
space is determined by 2dp — %p(p — 1) parameters. Thus counting first the parameters in
choosing Lt and L~ and then the p? independent elements of Q given LT and L™, we find
that generically
Gim O — {(2b +3)(bT+1)  ifbt<b 67)
(26T +3)(b- +1) ifb” <bt

corresponding to p = bT + 1 and p = b~ + 1 respectively.

The next step is to compute again the Killing prepotentials. In the type ITA low energy
effective action the quantity dA, + d4A;r appears exactly as in the previous section and it
again obeys the expansion (.2§). However due to ([.]) the coefficients of this expansion
now read

D3 = Cipit + Corg™ + du AP,

. ) ! (6.8)
Doyg = CQIeA] + ngmﬁl + (1414{1 .

Recall that dim(im Q) = p with p < b" + 1 and p < b~ + 1. Hence the number of linearly
independent massive antisymmetric tensors D4t and Dy in (6.8) is p. Thus if bT > b~ at
most b~ + 1 tensors are massive, and if b~ > b™ at most b + 1 tensors are massive.

The Killing prepotentials are always expressed in terms of the scalar fields. They can
be computed exactly as in the previous section but now using (b.1]) instead of (.27). This
yields

Pl 4 P2 = _9esK-+o¥ / (®F,do™)
MG

PYRY SIC (V-TS_Qv+) (6.9)
= 202 K-+ (_ XAe 2T + XAm Fy — Fapp 2! + Fag™Fi)

and
PP =" [ (o+,GT)
M6 7
_ 20 (V{TS_ oVt 4+ ViITS, V) (6.10)

= 20" [(XA(GRRA +eare’ +miér) + Fa(Grp + 7€’ + qAIgI)] '
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where we introduced the symplectic sections

F - F _ ¢ G
o) () e (8) e (0)
(6.11)

and expanded
G = Gfpwa + Grrad® +dAy . (6.12)

Here GéR, Grr 4 denote the RR-fluxes.!® Note that P! + iP? has the same form as the
superpotential introduced in ref. [(4] where it was inferred from F-theory considerations. It
would be interesting to make the correspondence with the results of ref. [f4] more precise.

In the large volume limit the holomorphic prepotential F' is a cubic function of the
scalar fields in the vector multiplets. From (6.9) we see that the matrices pIA and ¢*7
multiply quadratic and cubic terms while e4; and mf4 multiply constant and linear terms.
Mirror symmetry implies that there is a limit where F has a similar expansion. In the
next section we discuss the specific example of flux backgrounds on twisted toroidal com-
pactification in more detail, hence establishing the relation of these results with those of

ref. [27].

Let us turn to type IIB. In order to see massive tensors occuring one considers the
quantity dAj +d4C; instead of dA] +d4C as done in (B.33). Using (6.1)) and (F.25) one
finds

dAS +d4AT = Day + Day 37, (6.13)
where ~

DS = —C3'm!y + Coag™ + dyAf, (6.14)
Dy = Cs'ear — Coapt + d4Af .

The Killing prepotentials are again expressed in terms of scalar fields. Repeating the
calculation of the last section with (f.27) replaced by (B.1]) one finds

Pl _ip? — _9erktol? / (&, doT)
M6
= 90K+ (T s_Qy+) (6.15)
1

= 20250 (_ Zlepa XA — ZTp Fa + Frmi XA + Frg' A Fa)
and
PP =" [ (o7,G7)
M6
= X (VTS QV + Vil S V) (6.16)

S {ZI(GRRI — erB€P +piéa) + Fr(Ghr + mpe? — qIAgA)] ,

5Note that combinations of scalars (£, 13 1) which is dual to the massive tensors given by (@) precisely
drops out of the expression for P? as is required for consistency. Alternatively one can formulate the
supergravity in a redundant form where both scalar degrees of freedom together with antisymmetric tensors
are kept [@]
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ITA 1IB

ear | massive Af} massive AL

m'y | massive Af} massive C3!

p# | massive Cf | massive Aﬁ
AI . .
q massive Cy; | massive Coy

Table 4: Physical effect of different charges.

where

G~ = Ghrar + Grrap’ +dAT, Vi = <_££AB> , Ver = (fg}” > , (6.17)
RR
and G{% R Grri again denote the RR-fluxes.

Let summarize the role the different Q-charges take in the low energy effective theory.
Generically they always give a mass to some of the light modes. Depending on which
charge is under consideration in which type II theory either a set of vector fields or a set
of antisymmetric tensor naturally becomes massive. The different cases are summarized in
table [l Of course it is always possible to rotate to a symplectic basis where all massive
modes are either vectors or tensors. The most appropriate formulation of the supergravity
which occurs as the low-energy effective theory for the case at hand is the one given in
ref. [f3]. Here all vectors and tensors are kept simultaneously and the symplectic covariance
of the theory becomes manifest. A reformulation of the results obtained here in terms of
the formalism of [63] will be presented elsewhere.

Finally we come to the issue of mirror symmetry. Comparing tables f| and [ results in
a condition purely on the light spectrum. First of all the dimensions of the finite subspaces
defined in (5.18) have to agree on a mirror pair of six-manifolds (M®, M®) or in other
words b (M) = b~ (M?5) and vice versa. Furthermore the kinetic terms in the Lagrangian
have to coincide. Here we only computed explicitly the Kéhler potential of the two Kéahler
geometries in (5.23). We see that mirror symmetry requires the identification [IJ]

T (MO - o~ (M5, & (MS) - ot (M), (6.18)
or equivalently the exchange
XAozl,  FyeFr. (6.19)

Comparing also the kinetic terms for the RR scalars is straightforward and results in the
identification
Ao, Ao, (6.20)

Finally comparing the Killing prepotentials (6.9), (p.10) with (p.15), (6.16) requires an
identification of the charges

€AI < €A, qAI - qIA’ m,{l = _p? ) (621)
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and the RR-fluxes
Gr < —Ghrr, Grra < —GRR1 - (6.22)

Thus we see that within the class of compactifications on manifolds with SU(3) x SU(3)
structure mirror symmetry can be realized.

The final task of this paper is to ask to what extend the compactifications just dis-
cussed correspond to bona fide geometrical backgrounds. In particular, can one always
find geometries with truncations satisfying (.3), and, if not, how does this connect to the
discussion in the recent literature.

7. Non-geometric backgrounds

In our discussion thus far, we have simply assumed that there are suitable SU(3) x SU(3)
manifolds with truncations satisfying the differential conditions (5.27) in the case of the
dual of Hs-flux, or, more generally, conditions (f.1). In the following, we will argue that
this is generically not the case. Instead, following recent ideas generalizing the notion of a
string background, one must consider “non-geometrical” compactifications [23]-[4)].

The classic examples [R7, g, of such backgrounds are tori, and orbifolds thereof,
with NS three-form fluxes and the corresponding backgrounds related by successive T-
duality transformations. Some of these backgrounds were shown to be non-geometric [4].
The corresponding effective theories were discussed in [B3, Pj]. In refs. [BJ] it was argued
that these backgrounds correspond to non-commutative (and non-associative) geometries.
The relation between these different view points has recently been clarified in ref. [[3]. Note
also that essentially two types of non-geometrical backgrounds have been identified: those
which are locally geometrical but have no sensible global geometrical description; and those
which are not even locally geometrical [B3, (). Specific examples of the former type can
be realised using the concept of a T-fold, introduced in ref. [24]. These backgrounds locally
look like manifolds but the transition functions between local patches are generalised to
include T-duality transformations.

Let us first give a suggestive argument as to why geometrical compactifications are not
sufficient to realize all the charges in Q. Suppose for this discussion that the relations (p.d)
are exact and not up to terms which vanish under the symplectic pairing (5.19). Given that
the exterior derivative maps p-forms to (p+ 1)-forms, we find that, whatever truncation we
choose, the charge matrix Q defined in (f.3) cannot be completely generic. This suggests
that in order to generate all the allowed elements in @ one must consider non-geometrical
compactifications. The argument is a follows. Recall that ®* are expanded in terms of
truncation bases ¥* and X~ as in (§.20). From (R.21)) we see that, whenever ¢ # 0, the
structure ®* contains a scalar. This implies that at least one of the forms in the basis
YT contains a scalar. Let us call this element Ei", and take the simple case where the
only non-zero elements of Q are those of the form Qfl (where I= 1,...,20~ +2). Thus
dEIT = Qflzf and so if Qfl # 0 then dEIT contains a scalar. But this is not possible if d
is an honest exterior derivative, acting as d : AP — APT!. The same is true if | in (.21)) is
zero. In this case, there may be no scalars in any of the even forms T, and for an “honest”
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d operator, there should be then no one-forms in dX*. But we again see from (R.21)) that
®~ contains a one-form, and as a consequence so do some of the elements in X7

One way to generate a completely general charge matrix Q in this picture is to consider
a modified operator d which is now a generic map d : U — U~ which satisfies d? =
but does not transform the degree of a form properly. In particular it can map a p-
form to a (p — 1)-form. Of course, d does not act this way in conventional geometrical
compactifications. One is thus led to conjecture that to obtain a generic @ we must
consider non-geometrical compactifications. One can still use the structures (6.3) to derive
sensible effective actions, expanding in bases ¥ and ¥~ with a generalised d operator,
but there is of course now no interpretation in terms of differential forms and the exterior
derivative.

As a concrete simplified example of the general ideas discussed above we consider the
case of a reduction on 7% with Hs-flux and the related twisted tori and T-dual compact-
ifications, following [27, B§, B6, P4, Bd]. Collectively we refer to such compactifications as
“generalised twisted tori”. We will introduce SU(3) x SU(3) structures on classes of these
backgrounds and calculate the corresponding charge matrices Q. More generally, refs. [RF]
(see also [0, p]) looked at N = 1 orientifolds of such backgrounds, calculating the corre-
sponding effective superpotentials. In this subsection we will review the structure of these
generalised T reductions. In the following subsection we calculate the corresponding Q
matrices for our putative SU(3) x SU(3) structures and finally in the last subsection we

compare with the superpotential of ref. [2].

7.1 Generalised twisted tori

A Calabi-Yau manifold in the SYZ limit can be viewed as a three-torus T° fibred over some
base manifold [67]. In this limit mirror symmetry acts as T-duality on the T fibre while
leaving the base unchanged. With this prescription one can explicitly construct the mirror
duals of a Calabi-Yau manifold with three-form flux H. The T% examples we discuss here
are the trivial case of such a construction.

Let us start with a 7% compactification where e are a set of one-forms defining the
torus and where we include NS flux H = %Habcea Aeb Aef. The action of T-duality in this
background has been considered by many authors. Heuristically, following the notation of

ref. 2J], it can be represented as follows

Habc fabc Qabc Rabc . (71)

In the SYZ formulation the different terms in ([7.I]) correspond to the situation where H
has one, two or three ‘legs’ on the T3-fibre. An H with one leg on the fibre corresponds

Ta Ty Te

to electric NS-fluxes and has already been considered in [[T]. This leads to a geometry
described by the parameters f%,., and no H-flux. Geometrically we have a twisted torus.
This is a parallelisable manifold spanned by one-forms e, which are now not closed, but
satisfy instead

de® = . e’ Nec, (7.2)
with f%,. constant. Specifically, suppose only one element of Hg,. is non-zero, and has
only one leg on the T% fibration. After three T-dualities, we get a new manifold which is
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a non-trivial 7 fibration. The non-trivial part is a S' fibration over T2, where the S is
the T-dual of the fibre direction along which H was non-zero.

Now suppose H has two legs along the T fibration. One can again explicitly perform
a local T-duality leading to a background with non-trivial geometry and H-flux. However,
this cannot be done globally: there is no good global splitting between metric and B-field.
Instead, one can interpret the non-trivial part of the compactification as a 72 bundle over
S1 where there is mondromy that mixes the B-field and metric of the T?2: the bundle is
being patched by an element of T-duality. As such it is a T-fold and is non-geometric.
Nonetheless, the reduction can be characterized by a set of parameters () which are related
to the local metric and B-field.

Finally, the last step in the chain (7.1)) is purely conjectural, since the metric does not
have the isometry to perform such T-duality, and therefore the Buscher rules cannot be
applied. It corresponds to an H-flux with all three legs on the fibre. In this case, [Bj
argues that there is not even a good local description of the geometry, though it does make
sense as a conformal field theory. One way [RJ] to see that space-time points might not be
well defined, is to note that the mirrors of DO-branes probes would be D3-branes wrapping
a T° fibre with NS flux on the world-volume and these do not have simple moduli spaces
because of the problem of satisfying the Bianchi identity dF = Hs. In this sense, the
parameters R have no geometrical interpretation. Note that by an abuse of nomenclature,
we will often refer to all the parameters H, f, @ and R as generalised “fluxes”.

There are various ways to view what is encoded in these generalised fluxes. In terms
of the corresponding low-energy effective theory they are related to the gauge algebra of
the vector fields, coming from the symmetries of the backgrounds. One finds [§, B9, B3,
B7. 24 B3 9

[Uaa Ub] :I—Iabc)(C + fcabva
[vaa Xb] = - fbacXc + chavc, (73)

[Xa,Xb] :Qachc + Rabcvc’
where in the case of a geometrical compactification (Q = R = 0) the v, generators come
from the Killing vector symmetries, while X% are associated with gauge transformations of
B. Note that the algebra of diffeomorphisms parametrized by vectors and gauge transfor-
mations parametrized by one-forms is essentially the same as the Courant bracket.'® From
this perspective, in the geometrical case, one can view ([.3) as the Courant bracket algebra
of Killing vectors and gauge transformations. Since, for instance, the gauge transformation
of B are Abelian, one can see that the Q and R fluxes cannot arise in any convention
geometrical way. Note that the Jacobi identities for the algebra then put constraints on

fluxes.

An alternative picture is that the corresponding generalised geometry can be written
in terms of a basis V4 of O(6,6) vectors, just as for a twisted torus there is a basis of
left-invariant one-forms e®, or equivalently vectors ?¥,. Just as the structure constants
f%e appear in the Lie algebra of the 7,, so the generalised fluxes appear in the Courant

The Courant bracket between two elements = + € and y + 1 in E is given by [z + &,y + 1] = [z,y] +
Laon— Ly€ — Ld(izn — iy€) where [z,y] is the usual Lie bracket of vector fields and £, is the Lie derivative.
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bracket algebra of the V4. Note that this is a complementary picture to the one just given:
on a twisted torus the right-invariant vector fields v, generate the isometries, while the
left-invariant vector fields v, are used to define the metric.

A third picture, useful when relating to SU(3) x SU(3) structures is to ask how the
fluxes enter the exterior algebra of the forms. For a geometrical background it is natural
to consider forms of the type w = e*melmmpem1 A« Ne™ with wy, . m, constant. We
include the twisting by B so that w is an element of the generalised spinor bundle S(E).
Acting with d on w we find

dw=-HAw+ f w (7.4)

where (f - W)my.mpy = S [myma|Walms...mp1]- The natural non-geometrical extension is
then to an operator D such that [J]

Dw:=—HANw+f -w+Q w+ R.w, (7.5)
where Q- and RL are defined by

(Q ’ w)ml...mp,1 = Qab[mlwmb\mg...mp,l} ) (RLw)ml...mpfg = Rabcwabcml...mp_g . (76)

Requiring D? = 0 implies that same conditions on fluxes as arose from the Jacobi identities
for (7.J). The connection D appears in the Bianchi identities for the RR fluxes, which in the
presence of geometric and non-geometric fluxes read DF = 0. Note that in our analysis
the equality in (f-5) will be relaxed to an equivalence up to terms vanishing under the

symplectic pairing (.19).
7.2 Generalised twisted tori and SU(3) x SU(3) structures

We will now try and relate the fluxes (f.]]) in the generalised twisted tori examples to
our generic SU(3) x SU(3) reductions discussed in section f]. This will allow us to see
how the charges Q can be realised in terms of the fluxes and hence, in this particular
example, which terms in @ come from conventional compactifications and which from
non-geometrical backgrounds.

Let us consider first an SU(3) structure on the generalised twisted torus manifold.
In the geometrical case, the manifold is parallelisable and there is non-trivial H-flux. To
define the SU(3) structure we introduce three complex one-forms e’ (with conjugates & ).
In order to keep the discussion tractable we will assume that there is Z3 symmetry under
permutation of the three e’. In the simple case where the manifold is 7 this implies that
we are considering the product T2 x T? x T? and assuming the metric and H-field are the
same on each T2

In terms of SU(3) structure this means we fix identical complex structures and Kéhler
forms on each 7?2 (or rather in terms of each e’). There are then two moduli: the complex
Kéhler modulus ¢ and complex structure 7 of each T2. We thus have, as in section p.1]

Pt =e B d = BOLAQ2AQ3, (7.7)

where A\ = 2i5i3€iéj and QL = 2(1+7)e' + (1 — 7)é" define the complex structure on each
T2, while dBff = H. We are expanding in a basis of even forms

S = (wo,w1, @0, 01 = e B (1,102,103 )) (7.8)
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and of odd forms

Y= (QO, aq, BO’ ﬁl) = eiBH (Re 93’ Re x3, —Im 93’ —3Im X3) (79)
where _
Q3 = %qjkeiejek, X3 = %(éleze?’ + cyclic) =: %pijk 5izélejek . (7.10)

The components of p satisfy ,0123 = —p132 = p231 = —,0213 = ,0312 = —p321 = 1, with the
others being zero. The forms satisfy additionally (f.21).

The fluxes ([7.1) of the non-trivial geometry are encoded in the H-flux and the twisted
geometry ([7.9). Specifically, respecting the Z3 symmetry we have

Hs = dB% = H'Re Q3 + H' Re x3 — Ho(—Im Q3) — Hi(—3Im x3), (7.11)

while decomposing ([7.9) in terms of holomorphic and antiholomorphic indices, and impos-
ing the Zg symmetry, gives

de! = %Apijk el ek + %B,Oijk (5j[é[€k + %Ceijk 5jZ5km é[ém. (7.12)

Using (7.11) and (7.13) to compute the exterior derivatives of the elements of ¥+, and
expressing them as linear combinations of the forms in >~ we obtain an expression for the

charge matrix Q in terms of the structure constants A, B and C and the H-fluxes H' and
Hr. We get
Hr=ejo, H' =mly,
6A+ B =3p;t +ig'!, (7.13)
C = gpo' + gig™,
and ¢/ = p;° = ey =m!y =0.17 The charge matrix is therefore

0 ReC H10
0 5ReD H; 0
0 ImC H'0 |’
0 ImD H?0

0= (7.14)

where D = 6A+ B. This implies that only half of the charges are turned on via H-flux and
geometric fluxes. We therefore expect the other half of the charges Q;,, Q;, (f =1,...,4)
to correspond to non-geometric fluxes. There are as many Q. fluxes respecting the Zs
symmetry as there are f%., and the same is true for R%¢ and Hg.. It is reasonable to
expect that turning them on would complete the entries of the charge matrix Q. Let us
show that this is indeed the case.

Let us use the operator D in ([7.5) to define the fluxes Q and R. Replacing d in (B.1)
with D we find that the full charge matrix is then given by

Ry ReC H; 2ImC
Ry <ReD Hy 2ImD
R' ImC H' 2ReC |’
R?> ImD H? iReD

(7.15)

1"Note that for our choice of SU(3) structure not all fluxes of () appear but only the combination
B+ 6A.
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where D = A+ B and A, B and C are defined in direct analogy with A, B and C, while
Ry, R are the components of R-flux defined in analogy with (-13). We see, as promised,
that the missing half of the Q’s are indeed given by the non-geometric fluxes Q and R. We
conclude that the charge matrix Q represents geometric as well as non-geometric fluxes,
and all of the elements of Q@ can in principle be generated by an appropriate H, f, Q
or R-flux. Note that the flux parameters are not all independent but have to satisfy the
constraint (f.6). The same constraint also arises from requiring D? = 0. In this particular
case, using the general expression (.7), we have ten independent charges.

We can also generalize this calculation to the case of an SU(3) x SU(3) structure.
From the discussions in the previous sections, we expect this setup to accommodate more
of the Q charges in a purely geometric background. We will see that this is indeed the
case.

Specifically we assume that there is an SU(2) structure on the generalised 7% again
with Zs3 symmetry. Using the same forms e?, let us choose e? to be the holomorphic vector
of the SU(2) structure. In the language of eq. (R.21), we are taking ¢y = 0, c1 = 1 and
v+iv’ = e3. The SU(2) structure is then equivalent to two SU(3) structures, defined by the
holomorphic vectors (e!, €2, e®) and (é!, 62, &%) = (éi, &2, e3). The Zs acts by a simultaneous
permutation of (e!,e?,e3) and (é!,é2,63). We can again find suitable bases ¥+ and ¥~
preserving the Zz symmetry and (5.19) and (B.21)). The bases with the minimum number
of elements are given by

2Re (w2 + &2) 2Re 3
vt _ B 8Imws — 4iRe (w2 + 52)6363 $ _ o B —2Ime3 + Ree3j
—4iRe (wo — &9)e3e3 ’ —Ime352 ’
—%Re (we — &) + %Imwge?’ 3 —%Re e35% + %Ime?’j

where wedge products are understood and where wy = e' A €2, yo = el A e?, and j =
2i(e! A el +e2A éﬁ). Note that, with Bt = 0, there are neither scalars, nor six-forms in the
basis of even forms. In addition, unlike in the SU(3) case with B = 0, it is not possible
to find a basis of forms of pure degree.

The “metric fluxes” are introduced via the exterior derivatives of the one-forms, given
by ([13). In the symmetric setup, the structure constants are again proportional to €%
and p’ jk- As before the H-flux, comes from the twisting of the basis forms by e=B". Since
there are no scalars in the basis of even forms, we should not expand Hs in the basis of
odd forms, but rather simply calculate the parameters H;; = f <H3 A EIT, EJA;>.

The structure constants and H-flux generate the following charge matrix

HReET  LImF +hf 3h; —$Re B~ +4h!
0- —5ImET  LReF+ht LImE~ +3h; tIm(2E~ 4+ F) 4 4h0
0 0 0 0 ’
0 = Im(3ET — E7) Sm F —2Re(E' + F)

where we have defined

Ef=A+C+2B, F=-A+C. (7.16)
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The parameters A, B, and C are defined in ([f.19), and hfgo are the different H-flux
charges that can be turned on. If we expanded Hs in 20 independent three-forms, only six
combinations of them would contribute to the charges. Explicitly,

Hs = ghy Re (w2 £ &)Re e’ + ghiRe (w2 £ &)Ime” + y)Im (w2)Re e’

7.17
+ h{Tm (wo)Ime? + . .. (7.17)

where the + ... are pieces that do not contribute to the charge matrix. We see that in the
SU(2) case, 11 out of the 16 charges can be turned on via geometric fluxes, as oposed to
8/16 for the SU(3) case. The remaining 5 charges can be turned on by Q- and R-fluxes.
Note once more that there are (six) conditions on the charges coming from constraint (f.49).
For the charge matrix (1), two of these are automatic, while one needs to impose the
other four.

We conclude that in order to generate non-zero entries for the full charge matrix we
need geometric as well as non-geometric fluxes both in the SU(3) and in the SU(2) case.
However, in the latter the number of charges that can be turned on via geometric fluxes is
generically larger than in the former.

7.3 Superpotentials

We can further support the claim that a generic Q@ contains geometric and non-geometric
fluxes by computing the superpotentials (f.9) and (p.19) for a given Q, and comparing
to that of ref. R5). Starting from ITA and IIB compactifications on the Zz symmetric
T? x T? x T? torus with an SU(3)-structure, flux and O6 and O3 planes respectively, the
authors of [2J] used T-duality arguments to propose a generic form for the superpotential
valid also for dual non-geometrical compactifications. The superpotentials are functions of
the dilaton S, two further N = 1 moduli X and Y and the fluxes H, f, Q, and R. They
have the generic form

where P 2 3(X) are cubic polynomials with the coefficients being the (geometric and non-
geometric) NS and RR fluxes. P; depends on RR fluxes only, while the NS fluxes generate
P, and Ps. Each type of flux contributes to a term with a given dependence on the moduli.
For example, the term proportional to SX? is proportional to Q-flux in type IIA, while it
corresponds to H-flux in type IIB.

Let us compare ([.1§) with the superpotential obtained from the type ITA and type
IIB superpotentials given in (§.19) and (§.20), for an O6 and an O3 orientifold projection
respectively. The N = 1 supersymmetry preserved by these projections correspond to
a=m/4, f=m/2, giving

Whia 06 :/<‘I>+7dﬂ>7 I~ := Ay +iRe(CP7), (7.19)
WiBjo3 = — / (®,dIIt), I = A +iRe (e ?®™), (7.20)

where AT are the RR potentials defined in (B-H), (B-6) with field strength G* defined
in (.10). In ref. [ig] it was shown that IT* are the correct N = 1 Kihler coordinates for
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the orientifolds. C is a ‘compensator’ field proportional to e~? (for the precise definition
see [Ag)).

Recall that for the symmetric (72)3 setup, the ®* corresponding to a single SU(3) are
given by (7.4) with moduli ¢ and 7. After the O6 orientifold projection ¢ remains an N = 1
modulus (which is commonly called T') while 7 is constrained to be real and it combines
with a RR scalar & to form the N = 1 modulus U = & + iC7? which enters II™. The
second variable is S = &y + ¢C. In type 1IB, the O3 projection requires t to be real, and
the N = 1 moduli are given by U = 7, T = & +ie % and S = & + ie™® (see [[] for
further details).

Substituting these expressions and using the bases (f.§) and (f.9) and the general

expressions (.d) and (p.4) we find

Wiia o6 =U [1(3600 —e10) — T(3po" — ;") — 3iIT*(3eo1 — e11) — T3 (3po” — p10)}

(7.21)
+ S[i(eoo + 610) — T(pol +p11) — 3iT2(€01 + 611) — Ts(poo —{—plo)} .

for type IIA, and

Wisjos =T [31(601 +e11) + UBm°1 +m'y) = 31U%(3eq — enn) — UP(m") — mll)]

+ S|: —i(ego + €10) + U(mlo + 3m00) — iU2(3600 — 610) + U3(m00 + mlo)}
(7.22)
for type 1IB.

These superpotentials are symmetric under the mirror map (6.18). Furthermore, they
contain all the terms in (7.1§) depending on NS fluxes, namely P, and P, if we identify
X =Tand Y = U for type IIA, and X = U and Y = T for type IIB. The first lines
of (F.21)) and (7.29) correspond to the terms in P, while the second line to those in Ps.
In the ITA expression of ref. [2J], the terms with no power of T' (appearing first on the
first and second lines of ([.21)), proportional to ejg) come from H-flux. The terms linear
in T come from f-fluxes and the ones quadratic in T from Q-fluxes, while the cubic ones
involve the conjectured R-fluxes. This is in perfect agreement with (.13) and (715), where
we identified ery charges as H-flux, pr! as f-flux, er; as Q-flux and p;° as R-flux. Note

that the fluxes m and ¢ drop from the ITA/O6 superpotential (or more precisely, they are
projected out by the orientifold projection). In type IIB with an O3 projection, all the
terms containing the modulus S correpond to H-fluxes, while the ones with a T" modulus
are generated by Q-fluxes. (f and R fluxes are not allowed by an O3 projection.) This
is again consistent with (F.13), ([.15) where m’y has been identified with H’, while m!;
with Q-flux.

From these examples, we conclude that the general matrix Q contains all possible NS
fluxes. Note that the mapping between the charges (e, m,p,q) and the fluxes (H, f,Q, R)
depends on the choice of basis (.§) and (7.9). However, the fact that some of these fluxes
cannot be obtained from an honest exterior derivative (or from purely geometric fluxes) is

a basis independent statement.
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The form of the generalised derivative ([7.5) suggests that both @ and R fluxes are
associated with deformations of the usual exterior algebra. However, we also know that
backgrounds with non-trivial Q)-fluxes are still locally geometrical. The non-geometry only
appears globally. Thus one might still expect the exterior algebra to be undeformed working
on a patch. A possible resolution is that ([[.) is too strong for two reasons. First it gives
the action of D on forms of pure degree, whereas we have already seen generically we
are interested in basis forms of mixed degree. Secondly, for our SU(3) x SU(3) structure
we also only require an equivalence “~” up to terms which vanish under the symplectic
pairing (5.19). It would be interesting to clarify if the exterior derivative actually needs
to be modified to define ) given these two subtleties. For now, let us simply connect
the analysis here to the discussion in [iJ], which will provide some evidence that such a

resolution is possible.

In section p.] we observed that the effect of the H-flux was to twist the geometrical
basis of forms so that, for instance, w = e_Bﬁw(O), which were forms of mixed degree. It
is natural to ask if, for instance, the ()-charge can also be realised as a twisting of the
geometrical basis, again giving forms of mixed degree. This can indeed be done, but the
price to pay is higher than for H. Under two T-dualities along the B-field directions, the
B-transform is mapped to a B-transform [[iJ] (see also [J]), where 3% is a bivector along
the T-dualized directions. Defining a new basis w = ¢%-w(®) one would then expect that the
corresponding exterior algebra encodes the QQ-charges, without modifying the d operator.
This is fine locally but globally the geometrical picture breaks down. Non-trivial H-flux
corresponds to patching the bundle £ with non-trivial transformations B, = Bg + dA.g
on the intersection U, N Ug. The pure spinors ®* are global sections of the twisted spin
bundle S(E). In the case of a torus fibration with H-flux there are B-transformation
monodromies on the T° fibre as one transverses a loop in the base. However, since ®+
are global sections they are invariant under these monodromies. For the dual 73-fibred
background, the patching is by 3-transformations, that is T-dualities on the 7" fibres. Such
a background is thus not globally geometrical. There are T-duality-valued monodromies,
which have, for instance, the effect of changing the dimension of a brane [P4, [iJ] and the

18 However, the new background still leads to a supersymmetric

type k of a pure spinor.
effective action, which means there is still a notion of a global SU(3) x SU(3) structure.
In other words there is a unique pair of pure spinors ®* on each local geometrical patch.
In going between patches these are related by T-duality transformations, in such a way
that they are invariant under the monodromies. Expanding in terms of basis forms X+
and X7, this implies that each element of the basis should similarly be globally defined in
this generalised “bundle” patched by T-duality. The usual exterior derivative acting on the
basis elements on each local geometrical patch should encode the Q-fluxes, and the local
expressions for the superpotential and so on will still hold. This is one way of suggesting
why the geometrical SU(3) x SU(3) expressions give the correct low-energy effective theory
in the case of non-geometrical compactifications with Q-flux.

B A pure spinor can aways be written as e0* A -+ A 0%, where A is a complex two-form and 6° are
complex one-forms. The integer k is the ”"type” of the pure spinor.
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In summary, we have shown that a generic matrix Q contains geometric as well as
non-geometric NS fluxes, by calculating Q in terms of the fluxes H, f, ) and R in the
context of generalised twisted-tori. We further show that, in the orientifold case, this then
reproduces the superpotentials given in [RJ]. Remarkably we note that treating the exterior
derivative operator in (.]) as a generalised linear operator on the bases forms ¥ and X~
reproduces the conjectured non-geometrical superpotentials even when the background is
not even locally geometrical.

8. Conclusions

In this paper we completed our study of type II compactifications on manifolds with
SU(3) x SU(3) structure by further generalizing the formalism developed in ref. [f5]. We
first decomposed the ten-dimensional fields under SU(3) x SU(3) projecting out all repre-
sentations (3,1), (1,3) and their complex conjugates. This corresponds to a reorganization
of the ten-dimensional fields in terms of ‘N = 2 multiplets’ without performing a Kaluza-
Klein reduction. In this ten-dimensional framework we computed the equivalent of the
gravitino mass matrix Sap and the N = 1 superpotential W for type ITA and type IIB.
These have the same functional expression in terms of the two pure spinors ®* and RR
field strengths G* as their SU(3) structure counterparts found in 4], and are in particular
mirror symmetric under a chirality exchange of the pure spinors and RR fluxes.

We discussed the conditions for a consistent reduction where the infinite tower of
Kaluza-Klein states is truncated to a set of light modes of the compactification. Such
conditions arise from demanding that the local special Kéhler geometry of the untruncated
theory descends to the moduli space of truncated modes. (Note the question of when such
truncations exist remains an open problem, see also [5(].) Upon meeting these conditions,
the resulting theory is a four-dimensional N = 2 supergravity, with generically massive an-
tisymmetric tensors. For a specific choice of truncation, we precisely reproduced the type
ITA dual of type IIB supergravity on Calabi-Yau threefolds with magnetic NS three-form
fluxes. This theory was missing in [, [f§] but can be found when the compactification
manifold has SU(3) x SU(3) instead of SU(3) structure. The crucial new ingredient is
the existence of all odd forms including one- and five-forms which are absent in SU(3)
structure compactifications. This allows one to generalise previous Anséatze for the exte-
rior derivatives of the basis forms, involving a doubly symplectic charge matrix Q, which
encodes the full set of NS fluxes (three-form flux Hs and torsion).

For general SU(3) x SU(3) structure compactifications the low-energy effective type
ITA and type IIB theories are perfectly mirror symmetric under exchange of the “moduli”
X4 and Z! parameterising the bundles of even and odd pure spinors (some of these are
massive and therefore not moduli in the strict sense), an exchange of the RR fluxes Grr A
and Grri, and a symplectic transposition of the charge matrix Q. The latter maps in
particular the “magnetic” fluxes m’ 4 to the new set of fluxes p?;. The question of the
existence of manifolds of SU(3) x SU(3) structure was not adressed in this paper. However,
the restoration of mirror symmetry seems to be a strong argument in its favor.
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In spite of the fact that SU(3) x SU(3) structures (or the existence of one- and five-
forms in the basis of odd forms) allow one to turn on more components of Q than those
allowed by pure SU(3) structures, we showed that entirely geometric fluxes (Hs plus tor-
sion) do not suffice to generate all components of Q. The extra components were shown
to be associated to non-geometric fluxes, which arise in certain standard cases by perform-
ing successive T-dualities on backgrounds with purely geometric fluxes. A general charge
matrix corresponds to a generic map from the truncated space of even forms to the space
of odd forms. In the analysis of [@] it corresponds to a generalised nilpotent operator
D=—-HAN+f -+@Q - -+RL acting on the basis of forms. The nilpotency condition translates
into quadratic constraints on Q that leave (2b™ + 3)(b~ + 1) (for b© > b~) independent
components in the charge matrix.

The non-geometrical fluxes @) are associated with a background which is locally geomet-
rical but globally is patched using T-duality transformations. As such it can be interpreted
as a “T-fold” following [P4]. The non-geometrical fluxes R correspond to backgrounds
which are not even locally geometrical. These have been discussed in [BJ]. In the former
case, supersymmetry implies that one can still identify a local SU(3) x SU(3) structure. In
fact, given that T-duality transformations by which the background is patched should not
break supersymmetry, we would expect the SU(3) x SU(3) is globally defined, in the sense
that there are no monodromies. This will not however be true of the metric and B-field,
since there is no longer a global “polarization” (in the language of [P4]). For instance,
there are generically monodromies under which DO-branes become D2-branes and so on.
Remarkably, we find that while derived using the assumption that we had a geometrical
background, our expressions such as that of the superpotential seem to correctly reproduce
the gaugings or masses coming from such non-geometric fluxes. The only modification is
to allow a generalised exterior derivative operator or, in the truncated version, a general
charge matrix Q. While in the case of @} fluxes this might be assumed to be related to
the local geometrical structure, the expressions also appear to hold for R-fluxes where the

background is not even locally geometrical.
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A. Spinor conventions

For convenience, in this appendix we will summarize our conventions for O(6,6) spinors
and identify the various relations to conventional Spin(6) representations. We start by
defining our conventions for Spin(6) spinors.

A.1 Spin(6) spinors

The Clifford algebra Cliff(6,0;R) is generated by the gamma matrices 7, satisfying

{’Yma’}’n} = 2gmn- (Al)

where g is a positive definite six-dimensional metric. Let ¢, be an orientation compatible
with ¢ (and thus fixed up to a sign). We can define the standard intertwiners

= AmAT, =0T G, =y =D D, (A.2)

and the chirality operator () = ée?l“'mﬁ

Ym,..ms- Note one can always choose a repre-
sentation where A = C = D = 1 and the 4™ are imaginary and anti-symmetric. For a

spinor 6 it is useful to define
6=0T4, ¢ =0TC"',  6°= D" (A.3)
We also define chiral spinors by 760+ = Fif+ with 05 = 0.

A.2 Spin(6,6) spinors

Let II, Y, ... denote O(6,6) vector indices on the generalised bundle E. (For simplicity
here we will assume E = F' @ F*.) The Clifford algebra Cliff(6,6;R) is generated by the
gamma, matrices I'> satisfying

{T'n,I's} = 2Gnys, (A.4)

where G is the O(6,6) invariant metric (R.4). The O(6,6) spinors x. € S can be chosen to
be Majorana-Weyl and we write XEi € ST for the two chiralities. As usual one can define
the intertwiner —I'L = C~'I'yC. Using C one can define a spinor bilinear (which defines
the Mukai pairing) by

YExe =l xe. (A.5)

Since CT = —C this is actually defines a symplectic structure. The Majorana condition
uses the intertwiner I'y, = D'y, D, and reads o= ZSX: = Ye-

There are a number of different sub-groups of O(6,6) under which we can decompose
the spinor representation. First, the decomposition £ = F @& F* defines a GL(6,R) C
0(6,6) group. A vector V € E can then be decomposed into an ordinary vector and
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one-form V =z + £. Furthermore, under this map S is isomorphic to the bundle of forms
S ~ A*F* (or for chiral spinors ST ~ A®V*"[* and S~ ~ A°dd )

Xe ~ X = X0+ "+ X6, (A.6)

where x, € APF* and the isomorphism depends on a choice of volume form e (though is
independent of the sign of €). In this basis, the metric G has the form (R.4) and we can

decompose the gamma matrices as
VEDy = 2™, + Enl™ (A7)
so that (A.4) becomes
(T, T} ={I™ " =0,  {T,,, 1"} =20". (A.8)
Under the isomorphism ([A.§), the Clifford action on x is given by
(VII's)xe ~ iax + EA X (A.9)
The spinor bilinear decomposes into the Mukai paring on the constituent forms

W x)e= (1, x) = 3 (D2 A xy, (A.10)

P

The next subgroup one is interested in is the O(6) x O(6) C O(6,6) structure on F
defined by a choice of metric g and B-field. Specifically in terms of the gamma matrices
one can use g and B to change basis

rE = w4 (B £ gmn)f"> (A.11)

1 .
— (T
vt
so the Clifford algebra becomes

{F:—w P;} =0, {P;;, sz_} = 29mn, {P;w P;} = —29mn. (A'12)

In this basis G is block diagonal. Clearly I'* generate two different Spin(6) subgroups.
We can correspondingly decompose the Clifford algebra Cliff(6,6;R) ~ Cliff(6,0;R) x
Cliff (6,0;R). The spinor bundle is then a product S = S; ® Sy with . = 6; ® 02 and
gamma matrices

Lh=1m®l,  To=%6 @ Ym: (A.13)

where 7, are defined above. The intertwiners C and D are given by
C=0C® 0’7(6), D= D) ® D)- (A.14)
The O(6,6) chirality operator is given by

Li2) = =6) @ Y6) (A.15)

(and is manifestly independent of the sign of €;).
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Finally, one can identify the common O(6) subgroup of GL(6,R) and O(6) x O(6).
From this point of view #; and 6, are spinors of the same Spin(6) group and x. is a
bispinor. It is natural to represent y. as

1
Xe = 301051 =96) = D 5o Xomran, 7 (A.16)
P
where the component forms are given by
Xmy..mp = tr(X’Vmp...ml) € APF . (Al?)

The additional factor of 1—) is included so that the induced Clifford action on the forms
Xp is that given in (A.9). In terms of this representation ([A.16) the spinor bilinear is given
by

U xe = —8tr(ixe) (A.18)

where in this representation one has
Pl =y CvlC, (A.19)

which follows directly from ([A.14) and (JA.1¢). Similarly given the expression ({A.14) for
the intertwiner D, we have

X =Dx* =6 DxeD ) - (A.20)

In terms of the component forms Xf; = Xp-
Let us finish by considering chiral spinors x* € S* in the representation ([A.16). First
we note that in this case the Clifford action can be written as

(VEDo)xE = 3™ m, xE)5 + 3Emy™ XE - (A.21)
Next, given the chirality operator ([A.15), we see that real chiral spinors can be written as
Xe = ¢ £ ¢ (%, (A.22)

where (1 and (/. are chiral Spin(6) spinors. Note that as such they are eigenspinors of
1 — ) and comparing with (A1) we see this form is compatible with (1 and ¢/, being
sections of the two spin bundles S; and S5 respectively. Note that the sign between the
two terms in ({A.29) comes from the reality condition defined using (|A.2().

In the main text we are interested in a pair of complex chiral O(6,6) spinors given in

the representation ([A.16) by
of =nit, &y =nlit. (A.23)
Note, that, in this case we have
(D7) =D(f)" =nii2,  (P5)°=D(Py)" = —nint. (A.24)

By a slight abuse of notation, in the main text we denote (@tj)[)é by @at. Note that we also
have
(@) = -2, (@y)" =ininl. (A.25)
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B. Generic truncation

In this appendix we discuss the general conditions on mode truncations of the infinite
tower of Kaluza-Klein states on Mg. In particular, we give the conditions such that there
is a local special Kahler metric on the moduli space truncated modes, which is inherited
from the local special Kéhler geometry of the untruncated theory. A special case of such a
truncation, is the expansion in terms of harmonic modes on a Calabi-Yau manifold.!

The section is divided as follows. We first recall the definition of (local) special Kéhler
geometry following the approach of [[f1]]. We then review how this geometry is realised in
the untruncated theory and finally derive the conditions for a special Kahler geometry on
the truncated theory.

B.1 Special Kahler geometry

There are many different ways to define a rigid or local special Kéhler geometry. One
is as follows [[l]]. Let U be a 2d-dimensional Kihler manifold with Kéhler form w and
complex structure J. A rigid special Kahler structure on U is a flat torsion-free connection
V satisfying

Viwjk = 0, V[ijj] =0. (B.l)

The first condition is equivalent to the statement that one can find coordinates u! whose

transition functions are of the form
u' = S4u + (B.2)

where S € Sp(2d,R) is a constant symplectic transformation and a € R??. In these
coordinates V; = 9;. The second condition means that locally one can introduce a vector

@ = 4'0; such that, in these coordinates,
J = —o;a. (B.3)
Furthermore since the metric g;; = w;,J k j is symmetric we have locally
. i
W' =—(w )Y K (B.4)

for some real function K. In addition, it is easy to see that K is actually the Ké&hler
potential.

One can introduce special complex coordinates as follows. Given the coordinates u’,
locally one can define a vector field u = u’9; and hence a local holomorphic vector field

¢=1L(u+ia). (B.5)

N[

From (B.J) and (B.d) we see that ¢ is unique up to a shift by a constant complex vector.
Furthermore

Krigid = 1w(§,6) (BG)

9 A discussion of the truncation conditions in the particular case of an SU (3) structure also appeared
very recently in [E] and appears to be in agreement with the analysis given here.
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By making a symplectic transformation one can always choose Darboux coordinates u’ =
(x!,yr) with I =1,...,d such that

w=dz! A dy;. (B'7)
In this basis one can write ¢ as
0 0
=7 — - F—. B.8
¢ ot~ oy (B.8)

The functions Z! are special complex coordinates on the special Kihler manifold and the
holomorphic functions F; are locally given in terms of a prepotential F(Z), by F; =
OF |0zt

A local special Kéhler manifold can be viewed as a quotient of a rigid special Kéahler
manifold. Suppose U is a 2d + 2 dimensional rigid special Kédhler manifold such that one
can find a globally defined holomorphic vector field ¢ of the form (B.5) such that Im( is a
Killing vector field and the orbits of ¢ define U as a C* fibration over a base V. The space
V' is then a special Kéhler manifold and the metric induced on V' by taking the quotient
by the C* action is a local special Kihler metric. The special coordinates Z! become
projective special coordinates on V. The C* symmetry implies that the prepotential F(Z)
is homogeneous of degree two. The Kahler potential on V' is given by

K = —Iniw(¢, Q). (B.9)

The moduli space of Calabi-Yau manifolds is a product of two special geometries
spanned by the deformations of the Kéhler form and the deformations of the complex
structure [/

B.2 Truncation conditions

The untruncated theory. Let us now review how special Kahler manifolds appear in
the context of generalised geometry following [BH] (see also [4] for a review). Let ST(E)
be the positive and negative chirality generalised spinor bundles discussed in section | and
S;,t(E) be the fibre at a point p € M%!. One then considers an open subset Spi C Spi(E)
of so-called stable spinors. These are the spinors with stabilizer group SU(3,3). One finds
that U is an open orbit under O(6,6).

Hitchin then shows that there is a natural local special Kéhler metric on Spi. The
construction is as follows. Since S5 (E) is a vector space one can identify T$pjE with SSE(E)
and define the symplectic structure w in terms of the spinor bilinear (R.7), that is, for
¥, Xe € SE(E) ~ TS,

w(Pe; Xe) = wi " Xe- (B.lO)

One then chooses natural coordinates x® which are just the components of the spinor
Xe € 8. Then by definition Viw;; = 0 with V; = 0/0x.

The complex structure is defined by the real function Kiiq via (B-3) and (B-4). On
SpjE it is given by Hitchin function

Krigid = He(Xe) (Bll)
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This is a particular Spin(6,6) invariant homogeneous function of degree two. In the nota-
tion of [4§] the holomorphic vector field ¢ is given by

F =1 (X +iXe) (B.12)

where i = —(w 1) (0H,/0x1), and is precisely the pure spinor ®F or ®_ discussed in
section f] which was used to define an SU (3, 3) structure.

Finally, the homogeneity of H, implies that y. is a Killing vector field. Furthermore
SpjE is a C* fibration, where ®* generates the C* action on the fibres. This implies that
the quotient SpjE /C* is a local special Kéhler manifold with Kéhler potential

K=—InH.. (B.13)

Note that this implies that the corresponding metric is actually independent of the choice
of volume form which defines the isomorphism between S* and A¢v®/°dd  These means
that the how analysis could actually be repeated for stable forms y € Aever/edd  In this
case, the symplectic structure gets replaced by the Mukai pairing (R.7) and the Hitchin
function becomes a six-form

e ¥ = H =i(0*, 0F) (B.14)

Crucially, the local special Kéhler metric on V, defined by (B.1J) or (B.14), is re-
lated to the supergravity action. Specifically in the case of SU(3) structure it was shown

that the metrics on S;[ /C* corresponding to the two pure spinors d+ are related to the
corresponding kinetic terms in the rewriting of type II supergravity.

Defining the truncation. Now suppose that M%1 = M3! x M6 so that F = TMS.
In analogy to keeping only the moduli of a Calabi-Yau manifold we would like to make
a truncation, keeping some finite dimensional subspace of SU(3,3) structures ® on E.
More formally let us start by defining a sub-bundle S* € S*(FE) of stable spinors (or
the equivalent space of stable odd or even forms). The truncation is then an embedding
map from some finite dimensional space U into the infinite dimensional space of sections
C>=(S%)

o:U — C®(SY). (B.15)

In the case of a Calabi-Yau manifold, U is the odd or even cohomology and o identifies
harmonic forms with elements in U. For the truncation to be supersymmetric, we require
that the special Kéhler geometry on the fibres S;[ induces a special Kahler metric on U.
The purpose of this section is to find the constraints on the map o such that this is true.

The first requirement is that U is a complex manifold. We have already seen that there
is a natural complex structure on each fibre S;,t. Hence there is a complex structure J on
C*(S*). This will descend to a complex structure on U if the embedding o is holomorphic.
Specifically, recall that o induces the usual push-forward map o, : TU — TS* on vectors.
We then define the complex structure J on U by requiring it to be compatible with the
complex structure J on C*° (Si), that is 0.J = Jo,. Explicitly suppose u’ are coordinates
on U. In general we can write the push-forward of a vector ¢t € TU as

t =t'0; — 0.t = 'S (u) (B.16)
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where ¥;(u) = 9;0 form a basis®® for the image of TU in TS*. In the special case of a
Calabi-Yau manifold, ¥;(u) are harmonic forms. The complex structure J is then related
to J by

T%i = JI%;. (B.17)

In other words the image of ¥; under J can still be expanded in the basis ¥;. In the
context of a Calabi-Yau manifold that action of J corresponds to taking the Hodge dual.
The condition (|B.17) then states that the Hodge dual of a harmonic form is itself harmonic.

We now turn to the symplectic structure on U. We have seen that the spinor bilinear
(or equivalently the Mukai pairing) defines a symplectic structure on each fibre S,. We can
define a bilinear on C°°(T'S) simply by integrating over M°. Using o, we can then define
a bilinear w on TU by

w(s,t):/ (048,04t). (B.18)
M6
In components we have
wij :/ (%5, %5). (B.19)
M6

To be a symplectic structure we require that w is non-degenerate. Using the Kéhler struc-
ture on Sp, it is then by construction compatible with J.

The next requirement is that (w,J) is special Kéhler. This means first that we can
choose coordinate u’ such that O;wji, = 0 or equivalently

/ (%5,0i%k) = 0. (B.20)
M6

Again, the special Kahler structure on S, then implies that dj;.J k ;] = 0 and hence there is
a rigid special Kahler metric on U.

Finally, of course, we actually want a local special Kahler metric, and hence some
natural C* action on U. Again, we have such an action on S, generated by the holomorphic
vector ® and hence a C* action on C*°(S). Thus the natural requirement is that this induces
a C* action on U. In other words the holomorphic vector ¢ € TU of the form (B.§) which
defines the rigid special Kéhler structure on U satisfies 0, = ®. This means that, on a
coordinate patch u’ the map o is realised by

u' Ut (B.21)
Since we also have 3; = 0;0 this requires that uiﬁj 3l; = 0 or equivalently
u'0;%; =0, (B.22)

that is, the basis forms »; are homogeneous of degree zero. If this is satisfied, then there
is a local special Kéhler metric on V' = U/C*. Furthermore, it is easy to show that the
Kahler potential on V is given by

K=—-In[| H= —lni/ (2F,0%) (B.23)
M6 Msg

20Tn the main text, we use the notation E’g for the basis of even forms in TS, and ZIT for the basis of
odd forms in TS™.

— 44 —



where H is the Hitchin function defined using the Mukai pairing.

Finally, it is convenient to rewrite these expressions in terms of Darboux coordinates
u’ = (2!, y;) with I =0,1,...,d such that w = da' A dy;. Distinguishing between the odd
and even cases we have the corresponding bases

E+ = {WA,@B}? T = {al,ﬁJ} (B24)
such that
/MG (ar, 7Y =617, (B.25)

and fMG <041704J> = fMG <ﬁl,ﬁJ> = 0, together with
/ (wa, &%) = 64", (B.26)
M6

and [} <wA,wB> = [ <(DA,G)B> =0.

We can then introduce holomorphic coordinates Z! (or X4) and a prepotential F (or
F) such that
Ot = XTwy — Fac?,
s s (B.27)
¢ =Z'ay — Fip°.
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